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ABSTRACT

The convergence and stability properties of several message-passing
estimation algorithms are investigated, i.e., (generalized) expec-
tation maximization, gradient methods, and iterated conditional
modes. Results are presented for cycle-free and cyclic factor
graphs.

1. INTRODUCTION

In this paper, we focus on the following generic problem. Assume
that we wish to find

θ̂max
△

= argmax
θ

f(θ), (1)

whereθ takes values in a subsetΩ of R
n. In particular, we are

interested in solving (1) in the case wheref(θ) is a “marginal” of
a real-valued functionf(x, θ):

f(θ) =

∫

x

f(x, θ) dx, (2)

where
∫

x
denotes either summation or integration over the whole

range ofx. We will assumef(x, θ) > 0 for all x and allθ. The
maximization (1) lies at the heart of many estimation problems.
As an example, we consider parameter estimation in state space
models (as, e.g., hidden Markov models, stochastic dynamical
systems); the variablesx andθ are then vectors, and the function
f(x, θ) is given by

f(x, θ)
△

= fA(θ)fB(x, θ), (3)
△

= fA(θ)fB0 (x0)fB1(x0, x1, y1, θ1)fB2(x1, x2, y2, θ2)

. . . fBn
(xn−1, xn, yn, θn), (4)

whereXk denotes the state at timek, Θ are the (unknown) pa-
rameters of the state space model,fA(θ) is the prior onΘ, and
fB0(x0) is the prior on the initial stateX0. A factor graph of (3)
and (4) is shown in Fig. 1(a) and Fig. 1(b) respectively (see [4]
for a tutorial on factor graphs); the boxfB in Fig. 1(a) is detailed
in Fig. 1(b) (dashed box). In model (4), the naive computation
of (1) and/or (2) is often not feasible.

We will now assume that a factor graph forf(x, θ) is avail-
able. It may then be possible to computef(θ) (2) andθ̂max (1)
by sum-product message passing and by max-product message
passing, respectively [4]. Unfortunately, this approach is often
impractical:

1. If the variableX is continuous, the sum-product rule may
lead to intractable integrals, whereas ifX is discrete, the
sum-product rule may lead to an unwieldy sum; in both
cases, we cannot compute (2).
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Fig. 1. Factor graphs.

2. The max-product rule may lead to an intractable expres-
sion; in this case, we cannot compute (1).

If the maximization (1) is intractable, one may resort to stan-
dard optimization techniques such as iterative conditional modes
(ICM, a.k.a. “coordinate ascent/descent”) [2] or gradientmeth-
ods [3]. In earlier work, we have applied those two methods to
(1) (2); we described them as message-passing algorithms oper-
ating on a factor graph off(x, θ) [10] [5]. An alternative way to
computeθ̂max (1) (exactly or approximately) is expectation max-
imization (EM) [1]. A message-passing view of EM is devel-
oped in [6] [7] [8]. The maximization step of EM is sometimes
intractable, and one may then resort to ICM or some gradient
method; such modifications are referred to as “generalized EM
algorithms” [1]. In [10, Section 4.9.5] [5] [8] we describedvari-
ous generalized EM algorithms in the context of factor graphs, in
particular, in the setting of problem (1) (2).

In this paper, we analyze the convergence and stability prop-
erties of the above mentioned classes of iterative estimation al-
gorithms; we consider the standard formulation of those algo-
rithms in addition to various extensions in the context of message
passing on graphs. This paper is structured as follows. In the
following section, we briefly describe ICM, gradient ascent, and
(generalized) EM in the context of factor graphs. We outlineour
convergence and stability results in Section 3.

2. MESSAGE-PASSING ESTIMATION ALGORITHMS

As in [7], we first consider the trivial factorization

f(x, θ) = fA(θ)fB(x, θ), (5)

wherefA(θ) may be viewed as encoding the a priori informa-
tion aboutΘ (cf. Fig. 1(a)). In each of the four classes of algo-
rithms, one tries to determine the mode (1) by recomputing an
upwards and a downwards message, as indicated in Fig. 1(a). In
Section 2.2 to 2.5 we list the explicit form of the upwards and
downwards message for each of the four iterative algorithms. For
the sake of definiteness, we will discuss gradient EM as an illus-
tration of a generalized EM algorithm. In Section 2.6, we will



consider non-trivial factorizations. In Section 2.7, we will elab-
orate on various message-passing extensions of the standard for-
mulation of the four iterative estimation algorithms. As a starting
point of our discussion of the four iterative estimation algorithms,
we describe a non-iterative (and often impractical) algorithm that
(naively) computes (2) by the sum-product rule.

2.1. Non-Iterative Algorithm

Upwards message:

µ(θ)
△

=

∫

x

fB(x, θ) dx. (6)

Downwards message:

θ̂ = argmax
θ

[

log µ(θ) + log fA(θ)
]

(7)

△

= argmax
θ

log f(θ). (8)

The upwards messageµ(θ) is a standard sum-product message [4].

2.2. Iterative Conditional Modes

Upwards message:
Select an indexi ∈ {1, 2, . . . , n} and compute

µ(θi)
△

=

∫

x

fB(x, θ̂(ℓ)(θi)) dx. (9)

whereθ̂(ℓ)(θi)
△

= (θ̂
(ℓ)
1 , . . . , θ̂

(ℓ)
i−1, θi, θ̂

(ℓ)
i+1, . . . , θ̂

(ℓ)
n ).

Downwards message:

θ̂
(ℓ+1)
j =

{

argmaxθi
log fi(θi) if j = i

θ̂
(ℓ)
j otherwise,

(10)

wherefi(θi)
△

= f(θ̂(ℓ)(θi))

The upwards messageµ(θi) is also here a standard sum-product
message [4].

2.3. Gradient Ascent

Upwards message:

∇θ log µ(θ̂(ℓ))
△

=

∫

x
∇θfB(x, θ)

∣

∣

θ̂(ℓ) dx
∫

x
fB(x, θ̂(ℓ)) dx

. (11)

Downwards message:

θ̂(ℓ+1) = θ̂(ℓ) + λk

(

∇θ log µ(θ̂(ℓ)) + ∇θ log fA

(

(θ̂(ℓ))
)

)

.

(12)

The upwards message is the gradient of (the log of) a standard
sum-product message [5].

2.4. Expectation Maximization (EM)

Upwards message:

h(θ) =

∫

x
fB(x, θ̂(ℓ)) log fB(x, θ) dx

∫

x
fB(x, θ̂(ℓ)) dx

(13)

= EpB [log fB(X, θ)] , (14)

whereEpB denotes the expectation with respect to the
probability distribution

pB(x|θ̂(ℓ))
△

=
fB(x, θ̂(ℓ))

∑

x fB(x, θ̂(ℓ))
. (15)

Downwards message:

θ̂(ℓ+1) = argmax
θ

(

h(θ) + log fA(θ)
)

. (16)

The upwardsh(θ) is an “E-log message” [7] [8], which isnot a
standard sum-product message.

2.5. Gradient EM

Upwards message:

∇θh(θ̂(ℓ)) = EpB

[

∇θ log fB(X, θ)
∣

∣

θ̂(ℓ)

]

. (17)

Downwards message:

θ̂(ℓ+1) = θ̂(ℓ) + λk

(

∇θh(θ̂(ℓ)) + ∇θ log fA

(

(θ̂(ℓ))
)

)

.

(18)

The upwards message is the gradient of an E-log message [5]; it is
identical to the message (11) (occurring in gradient ascent). Gra-
dient EM is almost identical to gradient ascent with the marginal
log f(θ) as objective function; the only difference lies in the up-
date schedule: gradient EM tries to find the maximum (16), and
the marginalpB remains fixed until that point (or an other sta-
tionary point ofh(θ) + log fA(θ)) has been attained; in gradient
ascent, the marginalpB is updated at each iteration.

2.6. Non-Trivial Factorizations

The message-passing formulation outlined in the previous sub-
sections naturally carries over to non-trivial factorizations; as an
illustration, we will shortly discuss the factorization (4) (see [6]
[7] [8] [10] [5] for more information). Suppose that we try to
find (1) by means of ICM, more precisely, by alternating (low-
dimensional) maximizations w.r.t. the individual componentsΘk

(cf. (10)). It is easily verified that in order to perform those max-
imizations, we need the upward sum-product messages (cf. (9))

µ(θk)
△

=

∫

x

fBk
(xk−1, xk, θk)

→

µ (xk−1)
←

µ (xk) dxk−1 dxk.

(19)

Let us now consider EM; the termh(θ) in (16) decomposes into
the sum

h(θ) =

n
∑

k=1

hk(θk). (20)

The upwards messageshk(θk) (“E-log messages”) [7] [8] are
given by:

hk(θk) = EpB [log fBk(Xk−1, Xk, θk)] , (21)

where the marginalspB are obtained as:

pB(xk−1, xk; θ̂(ℓ))∝fBk
(xk−1, xk, θ̂

(ℓ)
k )

→

µ (xk−1)
←

µ (xk).
(22)



A similar decomposition occurs in gradient ascent/gradient EM:
the term∇θh(θ) in (18) decomposes into the sum

∇θhk(θ) =

n
∑

k=1

∇θk
hk(θk). (23)

The upwards messages∇θk
hk(θk)

∣

∣

θ̂(ℓ) are given by:

∇θk
h(θk)

∣

∣

θ̂(ℓ) = EpB

[

∇θk
log fBk(Xk−1, Xk, θk)

∣

∣

θ̂(ℓ)

]

(24)

= ∇θk
log µ(θk)

∣

∣

θ̂(ℓ) (25)

=

∫

x
∇θk

fBk
(xk−1, xk, θk)

∣

∣

θ̂(ℓ)

→

µ (xk−1)
←

µ (xk) dx
∫

x
fBk

(xk−1, xk, θ̂(ℓ))
→

µ (xk−1)
←

µ (xk) dx
.

(26)

(It is straightforward to extend the message computation rules (21)
and (24) to general node functionsfBk

(x, θk) [7] [8] [5].)
Due to the decomposition (20), the maximization in (16) can

be performed by means of local computations, i.e., it can in prin-
ciple be carried out by max-product message passing [7] [8].
Similarly, as a consequence of (23), the message computation
rules (12) and (18) can be computed locally [5].

2.7. Message-Passing Extensions

The message-passing viewpoint suggest a.o. the following exten-
sions of the standard algorithms:

1. We are free to choose theorder in which message are
updated (“message update schedule”). In the standard
setting of the four estimation algorithms, all messages
are recomputed at each iteration (“standard message up-
date schedule”). Obviously, one may prefernot to up-
date some messages during several iterations, especially,
if they are computationally complex. For example, in the
case of gradient ascent applied to (4) (Section 2.3), one
may iterate (11) and (12) while the sum-product messages
→

µ (xk−1) and
←

µ (xk) in (26) are kept fixed (see [10, Re-
mark 4.9]).

2. It is straightforward to combine several of the above men-
tioned message update rules within one algorithm; at each
nodefBk

, one can in principle choose one the update
rules. Moreover, one may also mix several rules at one
and the same nodefBk

. For example, as an alternative
to (21), one may first eliminate the variableXk (by means
of the sum-product rule), and then apply an E-log rule
similar to (21) [9, Section 5.6.9] [10, Section 4.9.4]:

h̃k(θk) = EpB [log gBk(Xk, θk)] , (27)

where

gBk(xk, θk)
△

=

∫

xk−1

→

µ (xk−1)fBk(xk−1, xk, θk) dxk−1,

(28)
and

pBk(xk; θ̂
(ℓ)
k ) ∝

→

µ (xk)
←

µ (xk). (29)

Note that the rule (27) is a low-complexity alternative
to (21), which motivates our interest in (27); the E-log
rule (21) requires the joint marginal inXk−1 and Xk,
whereas (27) involves the (simpler) marginalpBk

(xk; θ̂(ℓ))
(see [9, Section 5.6.9] [10, Section 4.9.4] for concrete ex-
amples).

3. CONVERGENCE AND STABILITY

First we review some well-known (and perhaps some less famil-
iar) properties of the standard formulation of the four algorithms.
Then we consider the message-passing extensions discussedin
Section 2.7; we present results for cycle-free (Section 3.2) and
cyclic (Section 3.3) subgraphsfB(x, θ).

3.1. Basic Properties of the Standard Formulation

1. The fixed pointŝθf of all four algorithms are stationary
points (“zero-gradient” points)̂θstat of the marginalf(θ)
(2), i.e.,

∇θf(θ)
∣

∣

θ̂f
= 0. (30)

2. The saddle points and local minima off(θ) are unstable
fixed points, i.e., a slight perturbation will causeθ̂(ℓ) to
diverge from those points. The estimateθ̂(ℓ) remains in
a local minimum if it is accidentally initialized in a local
minimum.

3. All four algorithms have the property

f(θ̂(ℓ+1)) ≥ f(θ̂(ℓ)), (31)

with equality if the algorithm has reached a fixed point.
Note that in order to guarantee (31) for the gradient as-
cent and gradient EM algorithm, the step sizeλk in (12)
and (18) needs to be appropriately chosen (e.g., according
to the Armijo rule [3]).

4. Property (31) does in general not imply that, forany ini-
tial θ̂(0), the sequencêθ(ℓ) converges to a stationary point
of f(θ) (“global convergence”). EM converges globally
under some additional (weak) regularity conditions. For
the other algorithms, global convergence is guaranteed if,
besides some (weak) regularity assumptions, the follow-
ing conditions are fulfilled.
ICM: fi(θi) has a unique (global) maximizer [12].
Gradient ascent: appropriateλk, e.g., Armijo rule [3].
Generalized EM: θ̂(ℓ+1) is stationary point ofq(θ) [1],
which is achieved in gradient EM, if one iterates (18)
(with fixedq(θ)) until convergence; alternative condition:
f(θ̂(ℓ+1)) > f(θ̂(ℓ)) for all θ̂(ℓ) that are not fixed points.

5. The four algorithms each define a mappingθ̂(ℓ+1) △

= M(θ̂(ℓ)).
The JacobianJ

△

= ∇θM(θ)
∣

∣

θ̂f
determines the conver-

gence properties of the sequenceθ̂(ℓ) in the neighborhood
of a fixed pointθ̂f . The latter is locally stable if all eigen-
values ofJ are smaller than one; the convergence rate in
the neighborhood of̂θf is given by the largest eigenvalue
of J . We listJ for the four estimation algorithms at hand:
ICM: J

△

= F
△

= ∆θθ log f(θ)
∣

∣

θ̂f
and∆uv

△

= ∇u∇
T
v [12].

Gradient ascent:J
△

= I + λkF [3].
EM: J

△

= I − G−1F

with G
△

=
∫

x
f(x, θ̂f )∆θθ log f(x, θ)

∣

∣

θ̂f
dx [1].

Generalized EM:Same as EM, as long aŝθ(ℓ+1) is a sta-
tionary point ofq(θ) [1].

3.2. Cycle-Free Subgraph fB(x, θ)

As we pointed out in Section 2, the four iterative estimationalgo-
rithms can be viewed as message-passing algorithms with a par-
ticular message update schedule, i.e., all messages are updated at



each iteration (see [6] [7] [8] [10] [5]). An interesting question
now is: If wemodifythis particular message-passing scheme (as
outlined in Section 2.7), how does that affect the convergence and
stability properties listed in Section 3.1?

3.2.1. Alternative Update Schedule

It is well known that the choice of the message update schedule
does not influence the fixed points of a message-passing algo-
rithm [11]. Depending on the schedule, however, the algorithm
may or may not converge, i.e., the update schedule affects global
convergence. In case the algorithm converges, scheduling deter-
mines towhichfixed point the algorithm actually converges [11].
It also affects the local stability and convergence rate, since in
general, the JacobianJ depends on the schedule; it is straightfor-
ward to deriveJ for a given schedule (starting from the definition
of J).

As an illustration, let us consider the update schedule we
mentioned in Section 2.7 (Issue 1); suppose that in the update (26),
we use the sum-product messages

→

µ (xk−1; θ̂
(ℓ′)) and

←

µ (xk; θ̂(ℓ′))
computed in a previous iterationℓ′ (with ℓ′ < ℓ). We will show
that this schedule amounts to the same JacobianJ as the standard
schedule, i.e.,J = I + λkF . Note first of all, that since we do
not recompute the sum-product messages at each iteration, we do
not longer perform gradient ascent (inθ) on the global function
log f(θ) but (minus) the Gibbs free energyG instead [11]:

G(θ, b)
△

= −
∑

k

∫

x

log fB(xk−1, xk, θk)b(xk−1, xk; θ, θ′) dx

+
∑

k

∫

x

log b(xk−1, xk; θ, θ′)b(xk−1, xk; θ, θ′) dx, (32)

where the approximate marginals (“beliefs”)bk are given by

b(xk−1, xk; θ, θ′)∝fBk
(xk−1, xk, θ)

→

µ (xk−1; θ
′)
←

µ (xk; θ′),
(33)

with
→

µ and
←

µ sum-product messages obtained forΘ = θ′. We
will use the short-hand notationbθθ′

△

= b(· ; θ, θ′). Note that
we haveG(θ, bθθ) = − log f(θ); moreover, since for cycle-free
graphs, the fixed-points of the sum-product algorithm are zero-
gradient points of the Gibbs free energy [11], it follows

∇b G(θ, b)
∣

∣

bθθ
= 0 (for all θ). (34)

The global gradient ascent update can be written as

θ̂(ℓ+1) = θ̂(ℓ) + λk∇θG(θ, b
θ̂(ℓ)θ̂(ℓ′))

∣

∣

θ=θ̂(ℓ) . (35)

In order to obtainJ , we start from the Taylor expansion:

∇θG(θ, b)
∣

∣

θ=θ̂(ℓ) = ∇θG(θ, b
θ̂f θ̂f

)
∣

∣

θ̂f
+ ∆θθG(θ, b

θ̂f θ̂f
)
∣

∣

θ̂f
(θ̂(ℓ) − θ̂f )

+ ∆θ′θG(θ, b
θ̂f θ′)

∣

∣

(θ̂f ,θ̂f)
(θ̂(ℓ′) − θ̂f) + O(ε2), (36)

whereε
△

= |θ̂(ℓ) − θ̂(ℓ′)|. We have that:

∆θ′θG(θ, b
θ̂f θ′)

∣

∣

(θ̂f ,θ̂f )
= ∆bθG(θ, b)

∣

∣

(θ̂f ,b
θ̂f θ̂f

)
∇θ′b

θ̂fθ′

∣

∣

θ̂f
(37)

and

∆bθG(θ, b)
∣

∣

(θ̂f ,b
θ̂f θ̂f

)
= ∆θbG(θ, b)

∣

∣

(θ̂f ,b
θ̂f θ̂f

)
(38)

= ∇θ

[

∇T
b G(θ, b)

∣

∣

b
θ̂f θ̂f

]

∣

∣

∣

b
θ̂f θ̂f

= 0, (39)

where we used (34), and therefore

∇θG(θ, b)
∣

∣

θ=θ̂(ℓ) ≈ ∆θθG(θ, b
θ̂f θ̂f

)
∣

∣

θ̂f
(θ̂(ℓ) − θ̂f ), (40)

where we also used the fact that∇θG(θ, b
θ̂f θ̂f

)
∣

∣

θ̂f
= 0; from (40)

follows J = I + λkF . Since the non-standard schedule has the
same fixed-points and Jacobian as the standard-schedule, both
schedules amount to the same local convergence and stability
properties. In particular, both algorithms asymptotically con-
verge at the same rate (which is in agreement with the experimen-
tal results); note, however, that the non-standard schedule is sig-
nificantly less complex than the standard schedule, since itavoids
updating certain sum-product messages at each iteration. In other
words, the convergence rate per flop is usually much larger in
the non-standard schedule than in the standard one. We can ex-
tend this first-order analysis to study the global convergence of
the non-standard schedule. Along the lines of (36)–(40), one can
show that

f(θ̂(ℓ)) − f(θ̂(ℓ′)) = A + O(ε2), (41)

with first-order termA ≥ 0 (andA = 0 only if a fixed point
has been reached). As a consequence, if the difference∆(ℓ) △

=
|θ̂(ℓ) − θ̂(ℓ−1)| between two subsequent estimatesθ̂(ℓ) is suffi-
ciently small (in addition to some regularity conditions),the al-
gorithm is guaranteed to converge; this statement can be made
more precise by standard arguments, we omit the details here. If
one wishes to guarantee global convergence (without any restric-
tion on∆(ℓ)), one may verify after each sequence of updates (35)
whether

f(θ̂(ℓ)) − f(θ̂(ℓ′)) > 0. (42)

If that condition is not fulfilled, (i) one omits the estimates θ̂(ℓ′+m)

with m > 1; (ii) one recomputes the sum-product messages with
Θ = θ̂(ℓ′+1); (iii) one determines the estimateθ(ℓ′+2) by means
of the rule (18). If one chooses an appropriate step sizeλk, the
condition (42) is in practice usually met; this is due to (41).

The above reasoning can straightforwardly be extended to (i)
the other estimation algorithms at hand, i.e., (generalized) EM,
ICM, and combinations; (ii) other update schedules.

3.2.2. Combining Update Rules

We pointed out that the message-passing viewpoint enables us
to combine various local update rules (in particular, (6)–(26))
within one algorithm; those rules may also be applied at one and
the same node (cf. (27)). It can be shown that the fixed points
of the resulting message-passing estimation algorithms are sta-
tionary points of the marginalf(θ). We will briefly demonstrate
this for the state space model (4); the extension to general mod-
els p(x, y; θ) is straightforward (see [10] for more details). Let
us first consider an EM-type algorithm with upward messages
h̃k(θk) (27) (E-step) and downward message (M-step):

θ̂(ℓ+1) = argmax
θ

(

n
∑

k=1

h̃k(θk) + log fA(θ)
)

. (43)

(In the following, we will write h̃k(θk, θ̂k) instead of̃hk(θk) if
we need to make clear thath̃k depends on̂θk, cf. (27) (29).) The
fixed points of this EM-type algorithm fulfill the equality:

n
∑

k=1

∇θk
h̃k(θk, θ̂

f
k )

∣

∣

θ̂
f

k

+ ∇θ log fA(θ)
∣

∣

θ̂f = 0. (44)



Since

∇θk
h̃k(θk, θ̂k)

∣

∣

θ̂k
= ∇θk

hk(θk, θ̂k)
∣

∣

θ̂k
(45)

= ∇θk
log µ(θk)

∣

∣

θ̂k
, (46)

we can rewrite the LHS of (44) as

n
∑

k=1

∇θk
log µ(θk)

∣

∣

θ̂
f

k

+ ∇θ log fA(θ)
∣

∣

θ̂f (47)

= ∇θ log fB(θ)
∣

∣

θ̂f + ∇θ log fA(θ)
∣

∣

θ̂f (48)

= ∇θ log f(θ)
∣

∣

θ̂f , (49)

which shows that the fixed pointŝθf of the EM-type algorithm (43)
are stationary points off(θ) (cf. (30)). From (45) (46), it fol-
lows (i) that the fixed points of ICM (cf. (19)), the EM algo-
rithm (cf. (21)), and the gradient EM algorithm (cf. (24)) also
fulfill (44) and hence (49); (ii) that if one combines all those ap-
proaches (by combining the corresponding local update rules),
the fixed points of the resulting algorithm fulfill (44).

Also in this setting, it is straightforward to derive an expres-
sion forJ . As an illustration, we will deriveJ for the EM-type
algorithm with upward messagesh̃k(θk) (27) (E-step) and down-
ward message (43) (M-step). Consider the first-order Taylorap-
proximation of∇θ log f(θ) aroundΘ = θf :

∇θ log f(θ) ≈ ∇θ log f(θ)
∣

∣

θf
+∆θθ log f(θ)

∣

∣

θf
(θ − θf ) (50)

= ∆θθ log f(θ)
∣

∣

θf
(θ − θf )

△

= F (θ − θf ), (51)

where we used the fact that the fixed points of EM are stationary
points off(θ). From (43), it follows:

n
∑

k=1

∇θk
h̃k(θk, θ̂

(ℓ)
k )

∣

∣

θ̂
(ℓ+1)
k

+ ∇θ log fA(θ)
∣

∣

θ̂(ℓ+1) = 0. (52)

Combining the following first-order Taylor approximation of the
first term in (52)

∇θk
h̃k(θk, θ̂

(ℓ)
k )

∣

∣

θ̂
(ℓ+1)
k

≈ ∇θk
h̃k(θk, θ̂

(ℓ)
k )

∣

∣

θ̂
(ℓ)
k

+ ∆θkθk
h̃k(θk, θ̂

(ℓ)
k )

∣

∣

θ̂
(ℓ)
k

(θ̂(ℓ+1) − θ̂(ℓ)), (53)

and a similar expansion for the second term in (52) with (46)
and (51) results inJ = I − G̃−1F , where

G̃
△

=

n
∑

k=1

∆θθh̃k(θk, θ̂f )
∣

∣

θ̂f + ∆θθfA(θ)
∣

∣

θ̂f . (54)

As we pointed out earlier, in the standard EM algorithm,J =
I − G−1F ; the matrixG is obtained from (54) by replacing̃hk

with hk. The non-standard EM algorithm (43) and the standard
EM algorithm both have the same fixed points, but their Jaco-
bian matrixJ differs; as a result, their local stability and conver-
gence properties are in principle different. Experimentalresults
show, however, that both algorithms have about the same conver-
gence rate [9]. This may in part be explained by the fact that the
matricesG andG̃ become identical as the messages

→

µ and
←

µ

tend towards Dirac deltas (high-SNR limit). The EM-type algo-
rithm (43) is not guaranteed to converge globally, since theprop-
erty (31) does not hold; in practice, however, it always seems to
converge [9].

Although it seems hard to establish global convergence for
the example (43), this does not necessarily apply to other message-
passing estimation algorithms that combine various updaterules;
for example, one may easily prove convergenceof algorithmsthat
estimate certain variables by means of EM and other variables by
gradient ascent or ICM; one needs to combine the convergence
conditions for the individual approaches (i.e., EM/gradient as-
cent/ICM). One can readily obtain the JacobianJ of such algo-
rithms by blending the Jacobians of the individual approaches.
Due to space constraints, we omit the details here.

3.3. Cyclic Subgraph fB(x, θ)

On cyclic graphs, the sum-product algorithm is not guaranteed to
converge [4], and this obviously carries over to the four classes
of iterative estimation algorithms applied on cyclic subgraphs
fB(x, θ). Yedidia et al. [11] have shown that the fixed points
of the sum-product algorithm applied on a cyclic graph are sta-
tionary points of the Bethe free energy of the system at hand (re-
garded as a functional of the “beliefs”). Following the above line
of thought, it is straightforward to show that the fixed points of the
four estimation algorithms applied on a cyclic subgraphfB(x, θ)
are stationary point of the Bethe free energy (regarded as a func-
tion in θ) (see [10]). This also holds if one combines several
update rules within one algorithm. Note that it is straightforward
to computeJ also in this setting (following the above example);
the Hessian of the Bethe free energy now plays an important role
(instead of the Hessian oflog f(θ), cf. Section 3.1, Property 5).

4. CONCLUSION
We have derived convergence and stability properties of message-
passing estimation algorithms operating on general graphs.

In the statistics literature, the asymptotic convergence proper-
ties of standard estimation algorithms have intensively been ana-
lyzed. It turns out that in many applications, the effectiveconver-
gence rate and stability of those algorithms is strongly dependent
on the JacobianJ ; in other words, the asymptotic analysis is of
significant practical relevance. In future work, we will further
experimentally verify whether this also holds for the presented
asymptotic analysis of message-passing estimation algorithms.
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