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Abstract— An efficient message-passing algorithm for com- factor graphs. It leads to lower bounds on the BCRB of code-

puting the Bayesian Craner-Rao bound (BCRB) for general ajded channel estimation, as for example code-aided phase,
estimation problems is presented. The BCRB is a lower boundro frequency and timing estimation.

the mean squared estimation error. The algorithm operates o a Thi is structured foll In th t fi
cycle-free factor graph of the system at hand. It can be appdid IS paper Is structured as foflows. In the next section,

to estimation in (1) general state-space models; (2) couple We review the CRB and BCRB. We present our summary
state-space models and other systems that are most naturall propagation algorithm for computing BCRBs in Section Ifl. |

represented by cyclic factor graphs; (3) coded systems. Section IV, we apply our algorithm to filtering and smoothing
in state-space models and describe briefly how one can deal
. INTRODUCTION with systems represented by cyclic graphs. We elaborate on

. L . code-aided channel estimation in Section V. In Section \d, w
For many practical estimation problems, popular estingatole. - <ome concluding remarks

such as the maximum likelihood estimator (ML), the max-

imum a posteriori estimator (MAP) or the minimum mean Il. REVIEW OF THE (BAYESIAN) CRAMER-RAO BOUND

squared error estimator (MMSE) are infeasible. Therefore,we start by introducing our notation and by reviewing

one often needs to resort to suboptimal techniques suchsgge basic facts. LeK = (X1, Xa,...,X,)7 andY =

expectation maximization, loopy belief propagation, geatt (v, yv;, ... v,,)7, whereX, andY; are real random vectors

based algorithms, Markov chain Monte Carlo methods, fartiqthe extension to complex random vectors is straightfotyvar

filters, or combinations of those methods. the vectorsX;, andY; do not necessarily all have the same
Suboptimal techniques are typically evaluated by determigimensionality. The index may stand for (discrete) time,

ing the mean squared error (MSE) through simulations and p¥., X andY may be stochastic processes. Suppgsey) is

comparing this error to theoretical performance bounds.  the joint probability density function (pdf) ok andY. We
For the estimation ofleterministicparameters, a commonly consider the problem of estimating from the observation

used lower bound for the MSE is the Cramér-Rao bounéctory = (yi,42,...,%m)". Let the functioni(y) be an

(CRB), given by the inverse of the Fisher information maestimator ofX based on the observation The error matrix

trix [1] [2]. Van Trees derived an analogous bound to the CRB of the estimatoti(y) is defined as

for random variablesreferred to as “Bayesian CRB” (BCRB) ~ R . .

or “posterior CRB” [1]. E = Exy[(&(Y) - X)(2(Y) - X)7]. (1)
The BCRB has been determined for several estimation profhe Bayesian information matriX is given by

lems; Tichavsky et al. derived the BCRB for filtering in stat

space models witfreely evolving state [3]. A particle method Jij = Exy V., logp(, y)ij log p(z, y)} ) (2)
for numerically evaluating that BCRB for the particular ead r
nonlinear nonstationary dynamical systems is presentgt];in whereJ;; is the(i, j)-th element off, V,, £ {a%v el a%}
the method has recently been used for computing the BCRB ' A b 4
with v € RY, andv = (vq, .. ., vq)T. Note that];; is a matrix,

for various tracking problems (see e.g., [5]). . ! .
. . iigince the componenis;, are in general vectors. The Bayesian
In this paper, we propose a message-passing algorit

to compute the BCRB for general estimation problems; 't ormation matrix.J can be computed in several ways [1,

operates on a cycle-free factor graph of the system at han§: 2]

When it is applied to a cyclic factor graph, it does not lead Jii 2 Eyy {vzi 1ng(x7y)v£_ log p(x, y)} (3)
to the (exact) BCRB; one needs to convert the cyclic graph ’

into a cycle-free graph before applying the algorithm. = —Exy [Vmivfj logp(ff,y)] (4)
Our method can be applied to several “standard” estimation B T

problems as for exampl@itering and smoothingin general = Exv [vl log p(y|2)Vz, 1ng(y|x)} ®)

state-space models. When it is appliedfiitering in state- +Ex [Vzi log p(z) V7, 105]3(90)} - (6)

space models witHreely evolving state, one recovers the ’

BCRB of [3]. It can handle coupled state-space models andThe Bayesian information matrix is related to the Fisher
other systems which are most naturally represented byccydhiformation matrixF(z), which plays an important role in



statistics [2], information geometry [6] and machine léagn with the sameobservation modeb(y|x), but with adifferent
(e.g., [7]), and is defined as prior p(x) = ~vp(z)w(z), where~v is a normalization factor
N - andw(z) is a window function (e.g., Hamming window) that
Fij(z) = By|x [Vm log p(yl) Vs, 1ng(y|x)} - (") is zero at the edges of the supportpdf). The BCRB is valid
for this modified estimation problem; it is moreover a lower
bound on the MSE of theriginal problem, since(z) is more
informative tharmp(z). Whenn is sufficiently large 6 > 100)
and/or the SNR sufficiently high (SNR 0dB), the BCRB of
the modified problem coincides with the (invalid) BCRB of
J = Ex[F(X)]. (8) the original problem.
. N In practice, one is mostly interested in bounding the estima
WhenAF(x) does not depend om, i.e., F(z) = F, then tion error for thecomponents\y, i.e., Exw = Exy[(&5(Y) —
F(z) =F=1J. Xi) (@ (Y) — Xz)T], as for example in filtering and smooth-
There exists a well-known relation (see e.g., [1, pp. 66-6Thg. Of practical relevance is also the averagg, wyExy,
[2, pp. 301-303]) between the error matiiXxz), defined as wherew, are nonnegative real numbers (often = 1/n).
From (11) and the fact that diagonal submatrices of a posi-

Note that the Bayesian information matrik is constant,
whereas the FisheF(x) information matrix depends om.
When X is a deterministic parameter, i.@(z|y) = vp(y|z),
where~ is a normalization factor, it follows from (2) and (7):

2 SV v _ ¥\ T
E@) = Byx[2(Y) - X)(@(Y) - X)7], ©) tive semi-definite block matrix are themselves positive isem
and the Fisher information matrik (z): definite, it follows that
E(z) = F(z)" .. (10) Erx = (I ks (12)

The inequality (10) means that the matiix(z) 2 E(z) — and

F(z)~! is positive semi-definite. It is known as the Cramér- > wiB = Y welI iy (13)
Rao bound, but was in fact first proposed by Fisher in the s s

early days of statistics [8]. It holds if the so-called “réayity” whereS is an arbitrary subset dft, ..., n}.

conditions are fulfilled [2, p. 111], and merely applies to
unbiasedestimatorsi(y). We remind the reader of the fact I1l. SUMMARY PROPAGATION ALGORITHM

that the MMSE estimator isot necessarily unbiased, which Note that in the RHS of (12) and (13), the inverse of the
seriously jeopardizes the usefulness of the CRB. This is fgrotentially huge!) matrixJ occurs. However

example the case wheR takes values in an intervak, b] 1) Only the diagonal elements of this inverse are required.
or [a,00) as in phase, frequency, timing and noise variance2) The joint probability density(z,y) has in most practi-
estimation. Nevertheless, quite some attention has been given  cal systems a “nice” structure, i..(z,y) has typically

to the computation of the CRB for those estimation problems  a non-trivial factorization. As a consequendeis often

(see e.g., [9]-[12)]). sparse.
In 68, Van Trees proved a Cramér-Rao-type bound for 3) This sparseness can effectively be exploited by applying
random variables [1, pp. 72-73]: the matrix inversion lemma.
1 .
E-J L (11) As a consequence, the elemefits'];; can be determined

by local computations involving the inversion of matrichatt

It holds under some regularity conditions in addition to thare much smaller thad. Those computations can be viewed
“weak unbiasedness” conditiof) V., [p(x)B(x)] = 0, where as message passing on a (cycle-free) factor grapi{«afy).
B(z) = fy[jj(y) — z]p(y|x)dy. The inequality (11) is often We will use Forney-style factor graphs as in [14], where
referred to as the “Bayesian Cramér-Rao bound” (BCRB§dges represent variables and nodes represent factors. The
“posterior CRB” or the “Van Trees boun#” Note that the Summary propagation procedure is similar to the sum-produc
BCRB also holds fobiasedestimators, in contrast to the CRB.algorithm [14]; messages (which are in this case matrices)
It is however important to realize that the weak unbiasesingdyopagate on the factor graph pfz,y). They are updated at
condition is not necessarily fulfilled. As for the CRB, this i the nodes according to some rules. The expresglon

for example the case wheki takes values in an intervat, b] IS obtained from the messages along the edge In the

or [a, o). However, one can often obtain a lower bound offllowing, we present the procedure in more detail.

the MSE by deriving the BCRB for an estimation problem At nodes representing differentiable functions, messages
computed according to the following rule
IMoreover, note that the MSE is not a suitable error measurptase and
frequency estimation. Summary Rule:
|2Thisf fornzi otf the Bayejﬂite_an Clrgm'er-Rao (Izower, b(')?und |is in tltklja'a'tudre _ The message out of the node
also referred to asunconditional Bayesian Cramér-Rao lower bound; in .
contrast, theconditional BCRB bounds the MSE conditioned on a particular g(xl, T ’x‘f’ y) (Flg' 1(a)) along the edgex@
observationy [13]. Note the conditional BCRB is often difficult to evaleat is the matrix
since it requires marginals of tlposterior density, whereas the unconditional 1 _1
BCRB involves marginals of thprior. By x, = ([(G+M) ]M) , (14)



where In the following section, we apply the above procedure to
; state-space models.
M:dlaqy’Xlﬂga'"7iu’X@,1~>gao) (15) p

IV. APPLICATION TO STATESPACE MODELS
A T
Gij = —Bxy[Va,Vy, logglan, .. 20, y)] 16)  \we consider a state-space model with freely evolving state
_ /p(x,y)Vzinj log g(1, . ..,z y)dzdy, (17) X. The pdfp(x,y) of such a system is given by
z,Y
where it is assumed that the integrals (17) exist p(z,y) = po(xo)
andj=1,...,4. i

p(xk|zr—1)p(Yk|TK), (20)

b

1

The expression (14) can be written in several ways; one cg factor graph is shown in Fig. 2(a). Filtering correspsnd
permute rows and corresponding columns of the matides to forward sum-product message passing through this factor
and G. The expectations (17) can most often be simplifiedraph. The BCRB for filtering is also computed in a forward
since the local node typically does not depend on thehole sweep, as illustrated in Fig. 2(b) (ignore at this point the
observation vectoy, but on a small number of component$ackward messageg” and .%); by applying the update
yx instead. Despite this fact, a closed-form expression fer thules (14) and (18) to the factor graph of Fig. 2(a), one oistai
expectations (17) may not exist; they may then be evaluaig@ recursion
by numerical integration or by Monte Carlo methods. 1

It is well known that Kalman filters/smoothers are optimal F i+ G Gpae ! 21
(in terms of MSE) for estimating the state of linear systems Pt = [ G 21 G 22 } (21)
perturbed by additive Gaussian noise. For that particudtr e F 4 2
mation problem, the recursion (14) is identical to the Kaima = Graz — Gen(y + Gen)” Graz - (22)

recursion for the inverse covariance matrix [3]. Php1 = Bgr + B0 (23)
X, where
N Xy g = N .
: // g — XZ c'}k,ll = E[_vmkvmk 1ng(xk+l|xk)] (24)
Xoy Gra2 = [Ge1|"=E[-V,, VL logp(xii|ex)] (25)
(a) Generic node (b) Terminal node G 22 = E[_vszrlvkarl log p(@kt1]2k)] (26)
X pi 2 E[-V4, Vi, logp(yulze)]. (27)
. k — XZ g1 — = g2 . T
o — X, The recursion is initialized as follows
Xe-1 1y = E[=V4, V3, log p(ao)]. (28)
(c) Equality constraint node (d) Edge X,

When the expectations (24)—(27) cannot be evaluated ana-
Fig. 1. Summary propagation lytically, they can easily be evaluated by Monte-Carlo meth
ods; indeed, in most applications, it is easy to sample

The message out of a terminal nogier,, y) (Fig. 1(b)) is from p(zy, zx11) andp(zy, y).
defined ags, . x, 2 —EXy[Vuv;{e log g(z¢,y)]. Half edges The BCRB for filtering is then
do not carry a message towards the (single) node attached to ) N -1
them; alternatively, they might be thought of as carryingez Exy [(@r(Y) = Xk)(@r(Y) = Xi)'] = B = (1) (29)
matrix as message. For the equality constraint node (Fe9),1(\yhich was derived earlier in [3]. We have thus shown that
the integrals (17)Ad0 not exist, since the node “functionpe recyrsion of [3] can be viewed as forward-only message
f=(@r,za, . 20) = (21 — w2)0(22 — 23) ... (21 — Z¢)  passing on the factor graph of (20). In the following, we deri
is not differentiable; the equality constraint node hasoit® o gCRB for smoothing, which to our knowledge is novel.
update rule; the outgoing messagg, ., is the sum of the g 4qthing corresponds to updating messages according to th

Incoming messageg x, .- sum-product rule in a forward and a backward sweep [14]. Not
=1 surprisingly, the corresponding BCRB is also computed by a
pox, = Z Bx, 3 (18) forward and backward sweep (Fig. 2(b)); the forward recursi
k=1 is given by (21)—-(27), the backward recursion fgf and uP

Eventually, the expressidd —']x, (bounding the MSE of(;) is analogous. The BCRB for smoothing is given by
is computed from the two messaggs, . x, and p . x F o .B -
along the edgeX;, (see Fig. 1(d)) ' ' Ej = (f + g +pi) (30)

[Jil]kk = (""g1~>)(;C + ’l/ggﬂX}C)il' (19)



X, X, from p(ugy1, Tk, Te+1, Ye+1). Therefore, when a closed-form
Xo expression for the expectations (34)—(39) does not exisy; t
may be evaluated by Monte Carlo methods, as in state-space
po(zo) p(x1|zo) p(a2|xr) models with freely evolving state.

U1 U2
Xo Xy Xo

p(yilz1) p(y2|72)

(a) Factor graph.

Po(xo) p(ul,xl,yl\xo)p(uzy$27y2|96‘1)
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(b) Summary propagation.
(b) Summary propagation.

Fi

g. 2. State space model with freely evolving state.
Fig. 3. General state-space model.

Similarly, the BCRB can also be derived fgeneralstate- ~ The BCRB for filteringX, is again given by (29), whene;,
space models, i.e., input-driven state-space models. @he {$ now updated according to (32); the BCRB for smoothing

p(u, x,y) of such a system is given by Xy is of the form:
1
- Exy[(@x(Y) — Xp)(@r(Y) — Xp)'] = (1f +p7) . (40)
p(u, z,y) = po(wo) H p(uk, Th, Yr|rr—1), (31) (bic + 1)
k=1 The messageg! (see Fig. 3(b)) are computed from the
whereU is the input process. The factor graph of (31) is showRessageg; and uj} as follows
in Fig. 3(a). Applying the update rule (14) to this factor gjna P —1\ L
amounts to the forward recursion (see Fig. 3(b)) U Gr,11 + iy, Gr,12 5 Gr,13
M1 = Gp,21 Groo + pyp,  Gros (41)
F -1\ Y G G G
- pr +Grir Griz Grs k,31 k,32 k,33 -
Ph+1= Gr.21 Grae G (32) and the BCRB for filtering and smoothing the inplit, is
Gr,31 G2 Gpss .
22 given by
and a similar backward recursion § Exy [(@(Y) — U) (@) — Un)7] = V] @)
—1
B Gr,11 Gr,12 5 Gr,13 The messagg, | in (41) is a zero matrix in the case of filter-
B = Grat Groe +piy Gies ,(33) ing; for smoothing,u,f’+1 is computed by the recursion (33).
Gr.31 G2 Gr.ss I Coupled state-space models and other systems which are
where most often represented loyclic factor graphs can be treated
N along similar lines. One obtains BCRBs for estimation inhsuc
Gp1 = E[-V,, VI log p(trit, Yet1, Trtr|zr)] (34) models by transforming the cyclic factor graphs inyele-free
G1o 2 E[-V,, V7’ . log p(wpr1, Yert, Thrtlzr)]  (35) graphs, for ex_ample by clusterlng_ nodes and edges (se_e e.g.,
N [15]). Computing BCRBs by applying the proposed algorithm
Gras = E[-V, Ve, ogp(uirt, yke1, zk1lee)] (36) on the resulting graphs is most often feasible, since the
G = E[-V, . ;FM 108 (Uit Vs, Thit|2i)] (37) cqmputational complexity scales cubically (not exporeiyti)
A - with the cluster size.
Gr23 = E[-Va,,, Vo, 1ogp(ukt1, Yrt1, Tt |zr)] (38)
V. CODE-AIDED CHANNEL ESTIMATION
Gpa3 = E[— Vuk+1 Z,M log p(Uk+1, Yk+1, Tht1|2k)],(39)

We now consider the problem of code-aided channel estima-
and Gy ;; = [G;w-i] for i, = 1,2 and 3. To compute the tion; symbolsUy, protected by an error-correcting code (with
expectations (34)—(39), the joint pafugy1, xr, Tet1,yx+1) indicator functionl(u)), are transmitted over a channel with
is required. In most applications, it straightforward tongde memory; the state of the channel is denotedhy wheread,



stands for the channel observation at timeThe probability only valid for unbiasedestimators, whereas the BCRB is valid

function of this system is given by under significantly weaker conditions. We demonstrated how
n the BCRB for filtering and smoothing in general state-space

p(u, z,y) = po(zo) Hp(wk,ykluk,:vk—ﬂl(u), (43) models can be computed and outlined how coupled state-
P space models can be treated. The method seems also agtractiv

as depicted in Fig. 4. The box at the top represents tﬁcg evaluating iterative code-aided channel estimatoushs

indicator function/ (u), the row of nodes at the bottom stand§S t_urpo—sypchromzers. It might qlsg be useful as a tool for
for the factorspo(zo) and p(ey, yi|us, x_1). We wish to designing pilot sequences for realistic channel models.
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