Posterior Crameér-Rao bounds
for estimation in graphical models

Blabla 31.03.2005

Justin Dauwels

dauwel s@si.ee.ethz.ch | www dauwel s. com

Signal and Information Processing Laboratory
Department of Information Technology and Electrical Engineering
ETH Zurich, Switzerland

Signal and Information I I
m Processing Laboratory
; e recische Hochachul ) 1 Institut fiir Signal- und
Eidgendssische Technische Hochschule Ziiric! Informationsverarbeitun
Swiss Federal Institute of Technology Zurich ¢ -



Motivation

Estimation

X Y

noisy channel

X andY continuougandom vectors

Estimators

* Block/Symbol MAP

* Block/Symbol ML

* Minimum mean squared error (MMSE)
Ofteninfeasiblé
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Motivation (2)
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How close to MMSE estimator?
Partialanswerlower boundon MSE of “any” estimator
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Motivation (3)
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ASE

SNR [dB]

Can onlyconfirmthat algorithm iclose to optimadl
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Overview

* Posterior Cramér-Rao bound
* Message passing algorithm
* Applications

* State space models

* Joint decoding and channel estimation
* Coupled hidden Markov models

® Conclusion

* Qutlook
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Notation/ Definitions

Xé (‘lea)(27"°7)(]\7)111)/é (Y17Y2)"'7YM)T1 andXialfi c R.

p(x,y) joint probability functionof X andY’.

X (Y) estimateof X based on observations.
Error matrixE = Exy [(X(Y) — X)(X(Y) — X)T].
Posterior information matrid

Jij = Exy [Vrm logp(%y)vgj logp(x,y)} :

Information matrixI(6)

I;;(0) = Ey [Ve log p(y|0) Vg, logp(y|9)}
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Posterior Cramér-Rao bound

Theorem(Van Trees '68)
|f
1. the posterior information matrik existsand isnon-singulay

2. [, Ve, [B(a)p()ldz = 0, whereB(x) = [ [i(y) - zlp(yle)dy,

thenE > J—! (posterior Cramér-Rao bound)

In words:
D = E — J ! is positive semi-definitei.e.,v»"Dv > 0,Vv € RY.

Holds forbiasedz(y)!
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Posterior Cramér-Rao bound (2)

Xo X1 X9 X3

P(ﬂ?o)

FromPCRB it follows
° E(X;(YV)-X)Y=E;»= [T

¢ Zz E[(Xz(Y) - Xi)Q] — Zz Ly > Zz [J_l}ii'

Observations
e Only need theliagonal elementsf J 1.
* Jis oftensparse
* |nversion can be dongficiently by matrix inversion lemma
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PCRB for estimation in graphical models

X0 X1 X3

4
I
td
i
td

p(xo) t t t

Y Yo Y3

* ThePCRBsof estimation incycle-freegraphical modelsan be
computed efficiently bynessage passing

* Messages anmatrices

* Messages are updated at each node according to speuifite rule
* ThePCRBsare computed bgombiningthosemessages
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PCRB for estimation in graphical models (2)

Differentiable node function

X1
‘]xl_ﬂf\.‘ Y
XN
[ Jorp(X1) +E[-AZ log f] .. E[- A2 log f] El-AY logf] ]
771 (v = : . :
=) E[-Af2 log f] oo Juyp(XN) +E[-AfN log f] E[-A, log f]
E[-A} log f] E[-A7~ log f] E[-Ajlog f] | NALNAL

with A7 = V,, VL
Remarks
 Expectations EA;’ log f] supposed to bevell-defined

* They caneasilybe computechumerically

* Rows and corresponding columns carezehanged _
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PCRB for estimation in graphical models (3)

Equality constraint node

X1
Tt Jf—
N f/X f—y
N N
Jfy = 22i=1 Jaiof
Terminal node
X
f i
PCRB
J'[O'[ — Jf—>X + Jg—>X f g
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State space model: filtering

Forward sweeplichavsky et al., 1998]

- —1

4 Ji — E[AZF logp(zra1|ze)] —E[AZiT log p(arat|zr)]
(Jrt1) =

—E[AZ} logp(ans|ar)]  —E[Az T log p(zhtr|zk)]

| 22
- —1
A Jr+ I3 332
o 21 29
BRL J2 Ny
Jipr = I =30 @0+ 3073
Jipr = —E[AZ T logp(yrit|ons)] + i = Tian + J5ps.
XO Xl Jf’ jg’ X2 Jg X3
p(xo) tJy
Y; Y, Y3
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State space model: smoothing

Forward + backward sweep

Xo X1 . X9 - X3
J2 J2
— e N —
— ‘_ — ‘_ — """
JB JB
p(xo) TJgQ

Posterior CRB
Jot=JF + 35 4+ JV.
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Example

Random walk phase model

Of+1
Yy

(©r + Wi) mod2r
exp(jOr) + Vi,

Wy, andVy: i.i.d. (mean free) Gaussian RMsth variances3 and2a¢ resp.,

andk=1,...,L.
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Example (2)

Random walk phase mod@l = 100)

10
0.2 —— 0(pz 0
—— 0 =0.001
]
0.18j : 1 —— 0 =0.01
— Y ’=01
0.16( - l/jb \ —— U(p_ l.
1) 1| 1| == 9=
0.14} tot 10
0.12F | -
2 S M>
0.1- |
0.08F - 10°} ]
006’ B \6\6\6\6\4
>
0.04 \ \
0.02 ‘ : ‘ ‘ -3 ‘ ‘ ‘ ‘
0 20 40 60 80 100 10_, o 1 5 3 4
K SNR (dB)

o5 = 0.1991,07 = 0.01
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Channel with freely evolving state

Error correcting code

Uy Us Us

.................................................................................
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Channel with freely evolving state (2)

* Independence assumptiorexactmarginals ofl/;, = exactPCRB

* Independence assumptiorapproximatanarginals ofU/;, = ?

e KnownU, = lower boundon PCRB

* UnknownU; with uniform prior=- upper bounamn PCRB
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Example

@k—l—l = (@k‘l‘Wk) mod2r
Vi = Upexp(jOy)+ Vi,

Wy, andVy: i.i.d. (mean free) Gaussian RMsth variances’ and2aZ resp.
Ui... M-ary symbolsprotected by arrror correcting code

SN @_1 (32 %})
plo) — phlbo) |
h hl h
St 52 S3
Z 22 Zs
punl=1)
-y v, T Y3

Si = exp(jO;)
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Example (2)

4-PSK; 3-6 LDPC of length 100, = 0.01

10-1 I —6— known data .

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, —o— uniform prior

o~ approximate marginals | |
"""""""""""""""""""""""""""""""""" —o— particle filter

1/3

10_ | I I I

SNR (dB)
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Coupled hidden Markov models
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Coupled hidden Markov models (2)

......................................................................

* Message 2 x 2 block matrix
* Ingeneral N coupled HMMs=- message- N x N block matrix
* Updated by applyingPCRB rules’”.
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Conclusion

* Posterior Crameér-Rao boundewer bound on MSEE
* Canconfirmthatpracticalalgorithm iscloseto optimal.
* Efficiently/easilycomputed bynessage passing algorithm
* Tightin interestingSNR region.
* Applications
* Filtering/smoothing in state space models

* Joint decoding + channel estimation
* Coupled hidden Markov models.

* More information
http://ww. dauwel s.com fil es/ CRB | ong. pdf
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Outlook

* PCRBs for somatandard problems signal processing.
* Design ofpilot sequences
e Extension taliscrete variables

Signal and Information I NN

m Processing Laboratory ISI

23 Institut fiir Signal- und

Eidgendssische Technische Hochschule Ziirich I . .
nformationsverarbeitun
Swiss Federal Institute of Technology Zurich ¢ I



Thank you for your attention!
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Posterior information matrix

Posterior information matrid (X ) can be computed iseveralways

Ji;j(X) = Exvy [in log p(,y) Vs, 10gp(x,y)}
= —Exv vxzvgj logp(aj,y)}

= —Exvy

(L2 & L3)
Exy [in log p(ylz) V7, logp(y!x)} +Ex [in log p(2)V,, log p(x)
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Posterior information matrix (2)

Lemma 1l
If

1. Vi p(z,y)andVy, ijp(a:, y) existVx andy,

2. fw fy p(x,y)Va, logp(z, y)ng log p(x, y)dxdy and
N fy P(x,y)Va, ij log p(x, y)dxdy exist

thenExy [—invfj logp(:v,y)} =Exy [in logp(:v,y)ij logp(w,y)}-

Proof:
Since (1) holds,ij p(z,y) = p(z, y)vfj log p(z, y) and

Vmivfjp(x, y) = Va,(p(z, y)ij log p(z,y))
= p(z,y)Vy, logp(z, y)ij logp(z,y) + p(x,y)Va, ij logp(z,y).

Integrating both sides ovar andy and using (2) and (3), one obtains
/ /p(fc,y)in logp(w,y)vfj log p(z, y)dzdy + / / p(z,y)Va, ij log p(z, y)dxdy = 0.
x Jy T Jy

Thus
Exy[Ve,; Vy, logp(z,y)] = —Exvy [Ve, logp(e,y)V,  logp(z, y)]
XY | Va; Vg, ogpP\r,y)| = XY |V, 108P(T, Y z ogp\xr,y)|.
signal and Information I NN
m Processing Laboratory
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Posterior information matrix (3)

Lemma 2
If

1. Vi p(ylz)andV.,, ijp(ym) existVz andy,
2. [, [, p(z,y)Va; logp(yle)V, logp(ylz)dzdy and [, [, p(z,y) Ve,V logp(y|z)dzdy exist

thenExy |~ V., V1 logp(yle)| = Exy |Va, logp(yle) V1 logp(ylz)].
Proof:

Differentiate both sides of the equatigfg p(ylx)dy = 1 wrptox;. Since (1) holds, one can differentiate under
the integral sign (Leibniz’s formula). As a consequence

ijp(yp;)dy = 'p(wa)ij log p(y|x)dy = 0.
Yy Yy

Differentiate a second time (under the integral sign), libfes

p(yle) Ve, Vi logp(ylo)dy + Ve, p(ylz) V3 logp(ylz)dy = 0.
) )

Multiply both sides withp(x) and integrate over using (2). As a consequence

EXY[V:civfj logp(y|z)] = —Exv [Va, log'p(ylw)vfj log p(y|x)].
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Posterior information matrix (4)

Lemma 3
If

1. Vo p(z)andVy, ij p(z) existVz,
2. [ p(x)Vy, log p(x)VZj logp(xz)drand [ p(z)Vs, ng log p(x)dx exist,
3. |, Va, ngp(a:)da: = 0,

thenE x [—vxivfj logp(x)} — Ex [vxi log p() V] logp(a:)}.

Proof:
Since (1) holds,ijp(a:) = p(a:)ij log p(z) and

invfjp(w) = in(p(w)vfj log p(z))
= p(@)Va, logp(2)V, logp(z) +p(@)Va, Y, logp(z).

Integrating both sides ovar and using (2) and (3), one obtains
p(z)Vy, log p(m)ng log p(x)dx + p(x)VmiVZj log p(xz)dx = 0.
x z Yy

Thus

Ex [invgj logp(z)] = —Ex [V, logp(z, y)ij log p(z)].
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PCRB

Va, [Bi(z)p(w)] = Vo, [#i(y) — zi]p(ylz)p(z)dy

Proof

— ij [@»L (y) — xq;]P(x, y)dy

(1)&(2) A
= —di;  plz,y)dy+  [Z:i(y) — 24]Va,p(z,y)dy

Y Y
Integrate wrp tor
Vo, [Bi(z)p(z)lde = —&i; p(z,y)dzdy + [Zi(y) — %] Ve, p(z,y)dedy
x (3) T,y ,y
0 = =i+  [2i(y) —z:]Va,p(z,y)dzdy
x,Yy

= =05+  [2:(y) — @ilp(®,y)Va,log p(z, y)dzdy
,y

Define vecton = [Xl (Y) — X4, ... ,XN(Y) — XN, Vg logp(z,y),..., Ve, logp(z, y)]T and
E I

I J(X)
C, > 0,sinceu’ Cou = uTE[vv?|u = E[ul vvl u] = E[(u? v)?] > 0, Vu.

c, = E[vv?] = [ ] , whereI isthe N x N unity matrix;

As a consequence of LemmaR,> J(X) ',
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PCRB (2)

Lemma 4

All A12 . ;
Let A = >~ 0, whereA 55 is nonsingular.
Az Ago

Then(A11 — A12A2_21A21) t 0.

Proof:
A > 0, which by definition means that’ Av > 0, Vv.
Letv = [’1)1’1)2]T, theanAfu = vallvl -+ UfAlng -+ ’U;Agl'vl -+ 'UgA.QQ'UQ 2 0.

T & T -1
Letv, = —v; A12A5 , then
T T T T T
v Av = V4 A11’U1 -+ V4 A12'l)2 -+ Vo A21’U1 -+ Vo A22'U2

= 'UTAll'Ul -+ ’UTA12A2_21A22'1)2 -+ 'U;Agl’l)l -+ 'U;AQQ'UQ (A.22 IS invertible)
T T T T
=  v; A11v1 — vy AoV + vy, Aa1v1 4 vy Agova

T T —1
= UVq A11U1 — Uy A12A22 A21U1 Z O,Vvl.

As a consequencéA 1 — A12AL Agy) = 0.
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PCRB and the Kalman filter

Nonlinear time-varying dynamical system

Xipv1 = feo(Xk) + Wi
Vi = hie(Xg)+ Vi,

where

* fi andhy are in generahon-linearfunctions

* W, andV}, arei.i.d. (mean free) Gaussiaandom variables with covariance
matricesQ; andR . resp.
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PCRB and the Kalman filter (2)

Nonlinear time-varying dynamical systgmorespecificcase)
I (Xpt1) = Q' —Qp E[A, )37 (Xp) +E[ALL1Q, "Aria]) TE[AL1]Q, !
+EBL 1Ry Bt
= Ji TEB; Ry Brii]

with AZ+1 = kafg(l’k) andBZH = mG+1hg+1(xk+1)
‘Wk(Qk)
X Ay + — = )iil
I Jr I
Brt1
Vit 1(Rit1) N
Yit1

Update equation fai:/” similar toKalmanupdate ofinverse covariance matrix
= Kalman filter/smootheachieves PCRBor estimating the state dhearsystems with

Gaussiamoise sources
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PCRB and the Kalman filter (3)

Node Update rule

myz=mx + VXATG(my — Amx)
— Vy=Vx — Vx AT GAVx
Wy=Wx + ATWy A

A Ez=Ex + AlEy

with G = (Vy + AVx A1)~ !
myz=mx + Amy
it Vz=Vx + AVy AT
A Wy=Wx — Wx AHAT W
x [ 2 Ez=Ex + Wx AH(&y — AT €x)

with H = (Wy + AT Wy A)~1
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Matrix inversion lemma

A1 Ao
Az Ago
and(A11 — A22 AT A12) are also nonsingular.

Let A = [ ] ,whereA 11 and Ao are nonsingular, such théA 1; — A12AL, Aa)

ThenA is also nonsingular with
A7, = AL FATAR(A2 - A A A) TA AL
= (A1 —A1pA A

[A71],, = —A'A12(A — A A AT
= —(A11 — 1’3x121’3x2_211’3x21)_1A12A2_21

[A~] = —(A22— Ao AT As) AR AT
— —A2_21A21(A11 — A12A2_21A21)_1

A7, = AL + AL Ac(An —AA Ag) TAAL
= (A2 — A21A[ A1) L
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\

Markov model

Xo X4 Xo X3
p(xo) J1 f2 /3
Y, Y, Ys
80 _i_f?() {)1 0 0
N R T :
0 2! 32+ 132+ 15 f5°
: : e

with f7 2 —E[V,, VT log f]
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Markov model (2)

Xo X1 Xo X3
— >
Jr Jr
p(xo) 0 1
Y Y, Ys
[ £00 00 01 171
( 0 + fl 1 0 0 \
10 11 11 11 21
I:J_lj| — 1 1 +f2 + le 2 0
22 21 22 22 22 23
0 2 2 + f3 + fY2 3
32 33 33
\ i 0 0 3 3 + fY A ) 29
- 4 —1
PR SR 7 0
_ 21 22 22 22 23
T 2 2 + f3 + fY2 3
0 32 33 + f33
L 3 3 Ys 11
-1 —1 -1 —1
00 + fOO 01 JF + fOO 01
with JF = oo = Coah
10 11 10 11
1 1 11 1 1 11
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Markov model (3)

Xo X1 Xo X3
Jt jF 3
. 1 2
p('LO) ¢J[1]
Y; Yo Y3
11 11 F 21 171
f2 + fyl + Jl 2 0
—1 — 21 22 | 22 22 23
I = 3 f3o 157+ 1 3
0 32 f33 + f33
L 3 3 Y53 11
[ 420 22 | TF 23 !
_ 50T 3
32 33 33
i 3 f3 + ng 00
-1 —1
f3t 97 £ SF A A
with J%" = andJi = JI" + JV = JI" 4 fl!
2 21 22 1 1 g 1ty
2 2 11
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Markov model (4)

Xo X4 Xo X3
| — [« -—| —
JL JB JB
p(xo) ? f.]g ? f.]g
Y; Y5 Y3
—1 o F U FB\—1
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Cramér-Rao bound

Information matrixI(6)

I;;(0) = Ey [Ve log p(y]60) Vs, 10gp(y\9)}
Error matrixE(6)

E;;j(8) = Ey [(8(y) — 0)(0(y) — 6)"].

Theorem(Fisher, '22; Dugué, '37; Rao, '45; Cramer, '46)
If

1. the information matriX(#) existsand isnon-singulay

2. f p(y|0)dy = 0, i.e., the estimataf(y) is unbiased
thenE(@) =3 ( ) (Cramér-Rao bound)
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