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Abstract—We apply the expectation maximiza-
tion (EM) algorithm to the problem of joint decod-
ing and phase estimation. We investigate a model
in which (1) the phase is constant; (2) the phase
performs a Gaussian random walk. In earlier work,
we presented a “local” view of EM, in which EM
is interpreted as message passing on factor graphs.
We demonstrate how phase estimation algorithms
can be derived mechanically within this setting. By
the example of the random walk phase model, we
illustrate how EM can be extended to parameter
vectors (or processes) with nontrivial priors. For
this model, the M-step can not be carried out ana-
lytically; we show how this problem can be handled
solved by steepest descent, which we also interpret
as summary propagation on the factor graph. We
compare the EM based phase estimators to other
message passing phase estimators proposed earlier.
We assess the performance of the phase estimators
by comparing their mean square estimation error to
the (modified) posterior Cramér-Rao bound derived
in earlier work.

1 Introduction

As in [1], we consider channels of the form

Yk = XkejΘk + Nk, (1)

where Xk is a (complex) channel input symbol at
time k ∈ {1, 2, . . . , L}, Yk is the corresponding re-
ceived symbol, Θk is the unknown phase, and Nk

is complex white Gaussian noise with (known) vari-
ance 2σ2

N , i.e., σ2
N per dimension. We assume that

the channel input symbols Xk are M-PSK symbols
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and are protected by a low-density parity check
(LDPC) code.
We will consider two different models for the evolu-
tion of the phase Θk:

Constant Phase: Θk = Θ, an unknown constant.

Random Walk:

Θk = (Θk−1 + Wk) mod 2π, (2)

where Wk is white Gaussian noise with known vari-
ance σ2

W .

In the present paper, we will apply the expectation
maximization [2] algorithm to derive phase estima-
tion algorithms. In earlier work [3] (see also [4]), we
have shown that EM can be viewed as message pass-
ing in factor graphs. From this perspective, EM can
be implemented mechanically by computing local

message update rules. We will illustrate this pro-
cedure by deriving code-aided phase estimators for
both phase models. Within the setting of summary
propagation on factor graphs, the EM algorithm
can straightforwardly (and rigorously) be extended
to parameter vectors (or processes) with nontrivial
priors [3] [4]. This should become clear from our
exposition on the random walk phase model. Most
often (but see [8] [9]), the so-called recursive EM
algorithm equipped with some “forgetting” mech-
anism is used to deal with time-varying parame-
ters [5]–[7]; this approach is rather ad-hoc and less
appropriate in the context of blockwise estimation
(a.k.a “batch” estimation).
The algorithm we present for the constant phase
model is not new; it has been proposed earlier by
Noels et al. [10] [11]. We show here how it may
be derived as message passing on factor graphs (see
also [12]). The EM based algorithm we propose for
the random walk phase model is to our knowledge
novel. It should be straightforward to extend the
algorithm to more sophisticated phase models.
This paper is structured as follows. In the next
section, we discuss the factor graphs we will use.
In Section 3, we first briefly review the EM algo-
rithm in the context of factor graphs. We then de-
rive EM based estimation algorithms for both phase
models. In Section 4, we present simulation results.
We offer some concluding remarks in Section 5.

2 Factor graphs

We start by reviewing the factor graphs described
in [1], since we will also use them in the present
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Figure 1: FFG of LDPC code and the channel
model.

paper. The factor graph of Fig. 1 represents the
factorization of the joint probability function of all
variables in the system described in Section 1. The
upper part of the graph is the indicator function of
the LDPC code, with parity check nodes in the top
row that are “randomly” connected to equality con-
straint nodes (“bit nodes”). The function f is the

deterministic mapping f :
(

B
(1)
k , . . . , B

(log2 M)
k

)

7→

Xk of the bits B
(1)
k , . . . , B

(log2 M)
k to the symbol Xk.

The nodes labelled “f” (“bit mapper nodes”) cor-
respond to the factors

δf

(

b
(1)
k , . . . , b

(log2 M)
k , xk

)

(3)

,

{

1, if f
(

b
(1)
k , . . . , b

(log2 M)
k

)

= xk;

0, otherwise.

(4)

The bottom row of the graph represents the factors

p(yk|zk)
△

= (2πσ2
N )−1 e−||yk−zk||

2/2σ2
N .

The “phase model” in Figure 1 is detailed in Fig-
ures 2 and 3. In these figures, Sk is defined as

Sk
△

= ejΘk and Zk is defined as Zk
△

= XkSk.
The top row of nodes (“multiply nodes”) in Fig-
ures 2 and 3 represents the factors δ(zk − xksk).
The function g is the deterministic mapping g :
Θk 7→ Sk of the phase Θk to Sk; the nodes la-
belled “g” in Figures 2 and 3 represent the fac-
tors δ(sk − ejθk). The equality constraint node in
Figure 2 imposes the constraint Θk = Θ, for all
k. In Fig. 3, the nodes labeled p(θk|θk−1) (“phase

noise nodes”) represent the factors p(θk|θk−1)
△

=

(2πσ2
W )−1/2

∑

n∈Z
e−((θk−θk−1)+n2π)2/2σ2

W .
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Figure 2: Factor graph of the constant-phase model.
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Figure 3: Factor graph of the random-walk phase
model.

3 Algorithms

We start from the exposition in [3], where it is
shown how the EM algorithm can be viewed as mes-
sage passing on factor graphs (see also [4]). Con-
sider the factorization

f(x, θ)
△

= fA(θ)fB(x, θ), (5)

which is represented by the factor graph of Fig. 4.

Θ θ̂(ℓ)

h(θ)

fB

fA

X

Figure 4: Factor graph of (5).

In this setup, EM amounts to iterative computation
of the following messages [3]:
Upwards message h(θ):

h(θ) =

∫

x
fB(x, θ̂(ℓ)) log fB(x, θ)
∫

x
fB(x, θ̂(ℓ))

(6)

= EpB
[log fB(x, θ)] , (7)
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where EpB
denotes the expectation with respect to

the probability distribution

pB(x|θ̂(ℓ))
△

=
fB(x, θ̂(ℓ))

∫

x′ fB(x′, θ̂(ℓ))
. (8)

Downwards message θ̂(ℓ+1):

θ̂(ℓ+1) = argmax
θ

(log fA(θ) + h(θ)). (9)

The computations (7) and (9) may be simplified
when fA and fB have “nice” factorizations; this is
the case for both phase models. In the constant
phase model, the maximization step (9) can be car-
ried out analytically; in the random walk phase
model, the maximization step is intractable and we
will apply steepest descent. First we treat the con-
stant phase model, then the random walk phase
model.
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Figure 5: EM in the constant-phase model.

...

...

...

XL

SL

ZL

ΘL

×

X2

S2

Z2

×

X1

S1

Z1

Θ2Θ1

===

×

gg

fB1
fB2

θ̂2θ̂1

θ̂2θ̂1

θ̂2

fB

fA

θ̂1

g

fBL

θ̂L θ̂L

θ̂L

Figure 6: Steepest descent/EM in the random-walk
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3.1 Constant phase model

We start by choosing the “boxes” fA and fB ap-
propriately. Since we wish to estimate the phase Θ,
we choose the Θ edges as cut set of edges that sep-
arates the boxes fA and fB (see Fig. 2). The box
fA contains all nodes that correspond to the prior

of Θ, i.e., all nodes that are solely connected to
Θ edges. In this case, fA exclusively contains the
equality constraint node Θ, as illustrated in Fig. 5;
all other nodes belong to the box fB. Note that the
box fB has a “nice” structure, i.e., fB has a nontriv-
ial factorization. We now apply the message update
rules (7) and (9) to the factor graph of Fig. 5. The
message h(θ) equals (see also Eq. (18)–(20) in [3])

h(θ) =

L
∑

k=1

∑

xk

pB(xk|y, θ̂(ℓ)) log fB(xk, yk, θ)(10)

△

=

L
∑

k=1

hk(θ), (11)

where the function fB(xk, yk, θ) is given by

fB(xk, yk, θ)
△

=

∫

zk

∮

sk

δ(zk − xksk)δ(sk − ejθ)·

(2πσ2
N )−1 e−||yk−zk||

2/2σ2
N dzkdsk

(12)

= (2πσ2
N )−1 e−||yk−xkejθ ||2/2σ2

N . (13)

The small dashed boxes in Fig. 5 represent the func-
tions fB(xk, yk, θ). The marginalization (12)–(13)
corresponds to “closing” the boxes fB (see [13]).

The distribution pB(xk|y, θ̂(ℓ)) is defined as

pB(xk|y, θ̂(ℓ))
△

= γkfB(xk, yk, θ̂(ℓ))µXk→ × (xk),(14)

where γk is a normalization factor, i.e.,

γk
△

=
∑

xk

pB(xk|y, θ̂(ℓ)). (15)

Note that fB(xk, yk, θ̂(ℓ)) is nothing else than the
message µ ×→Xk

(xk), which leaves the multiply
node along the edge Xk (at the ℓ-th iteration).
Therefore

pB(xk|y, θ̂(ℓ))
△

= γkµXk→ × (xk)µ ×→Xk
(xk). (16)

In the following, we will use the short hand nota-
tion pB(xk) for pB(xk|y, θ̂(ℓ)). The phase Θ has a
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uniform prior, i.e., fA(θ)
△

= 1 for all θ. The message

θ̂(ℓ+1) equals

θ̂(ℓ+1) = argmax
θ

h(θ) (17)

= argmax
θ

L
∑

k=1

∑

xk

pB(xk)logfB(xk, yk, θ) (18)

= arg
L
∑

k=1

∑

xk

pB(xk) [ykx∗
k] (19)

= arg

L
∑

k=1

[

yk

(

Ẽ[xk]
)∗
]

, (20)

where the expectation Ẽ[xk] is defined as

Ẽ[xk]
△

=
∑

xk

pB(xk)xk. (21)

In this particular case, a closed-form expression for
the messages θ̂ can thus be found. The expres-
sion (20) was proposed earlier in [11]. Note that the
initial estimate θ(0) can be generated by a classical
phase estimator such as the M-law. This estimator
“summarizes” over the M-PSK input symbols Xk

by applying the M-th power to the received sym-
bols; it does not use any soft information from the
decoder.

3.2 Random walk phase model

We again start by determining the boxes fA and fB;
the box fB is chosen as in the previous subsection.
The box fA is now more interesting, as illustrated
in Fig. 6: it contains the nodes p(θk|θk−1) besides
the equality constraint nodes Θk. Both fA and fB

have in this case a nontrivial structure. We now ap-
ply the message update rules (7) and (9) to the fac-
tor graph of Fig. 6. The message h(θ), summarizing
the box fB, is again given by (10), since the box fB

remained unchanged. The function log fA(θ) equals

log fA(θ) =

L
∑

k=2

log p(θk|θk−1), (22)

where

p(θk|θk−1)
△

= (2πσ2
W )−1/2

∑

n∈Z

e−(θk−θk−1)+n2π)2/2σ2
W .

(23)

The message θ̂ is computed as

θ̂ = argmax
θ

(log fA(θ) + h(θ)) (24)

= argmax
θ

[

L
∑

k=2

log p(θk|θk−1)+ (25)

L
∑

k=1

∑

xk

pB(xk) log fB(xk, yk, θk)

]

. (26)

The maximization (26) can not be carried out an-
alytically. One may use classical optimization al-
gorithms as for example steepest descent to solve
this non-linear optimization problem. In steepest
descent, one iterates the update rule

θ̂(ℓ+1) = θ̂(ℓ) + λ ∇θ(log fA(θ) + h(θ)
)
∣

∣

θ=θ̂(ℓ) (27)

until a fixed point is reached or the available time
is over. The parameter λ is a real positive number
referred to as “step size” or “learning rate”.
In earlier work [16], we have shown how applying
the rule (27) can be viewed as summary propaga-
tion on factor graphs. In this particular case, the
procedure is as follows (see Fig. 6):

1. The equality constraint nodes Θk broadcast

the estimates θ̂
(ℓ)
k .

2. The messages µ ×→Xk
(xk) are updated. Next,

the LDPC decoder is iterated a suitable num-
ber of times, which leads to new messages
µXk→ × (xk).

3. The nodes fBk
reply with dhk(θk)

dθk

∣

∣

∣

θ̂
(ℓ)
k

.

4. The nodes p(θk|θk−1) and p(θk+1|θk) reply

with ∂ log p(θk|θk−1)
∂θk

∣

∣

∣

θ̂(ℓ)
and ∂ log p(θk+1|θk)

∂θk

∣

∣

∣

θ̂(ℓ)

respectively.

5. The new estimate θ̂(ℓ+1) is computed:

θ̂
(ℓ+1)
k = θ̂

(ℓ)
k + λ

(

∂ log p(θk|θk−1)

∂θk

∣

∣

∣

∣

θ̂
(ℓ)
k

+

∂ log p(θk+1|θk)

∂θk

∣

∣

∣

∣

θ̂
(ℓ)
k

+
dhk(θk)

dθk

∣

∣

∣

∣

θ̂
(ℓ)
k

)

.

(28)

6. Iterate 1–5.

As usual, several update schedules are possible. For
example, it is not necessary to perform Step 2 at
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each iteration.
The (partial) derivatives required in Step 4 are com-
puted as

∂ log p(θk|θk−1)

∂θk

= −

∑

n∈Z
(θk − θk−1 + n2π)e−(θk−θk−1+n2π)2/2σ2

W

σ2
W

∑

n∈Z
e−(θk−θk−1+n2π)2/2σ2

W

,

(29)

and

∂ log p(θk|θk−1)

∂θk−1
= −

∂ log p(θk|θk−1)

∂θk
. (30)

If σW is small, i.e., σW ≪ π, then the evaluation
of the RHS of (29) leads to numerical problems:
for large values of the difference θk − θk−1, both
the numerator and denominator in the RHS of (29)
are zero. This issue can be circumvented by the
approximation:

∂ log p(θk|θk−1)

∂θk
≈ −

θk − θk−1

σ2
W

, (31)

which is a good approximation as long as
θk − θk−1 ≪ π. In our simulations, we use the ap-
proximation (31), since the latter condition is satis-
fied. The derivative dhk(θk)/dθk required in Step 4
is given by

dhk(θk)

dθk
=
∑

xk

pB(xk)
∂ log f(xk, yk, θk)

∂θk
, (32)

where

∂ log f(xk, yk, θk)

∂θk
= −

1

σ2
N

[

sin θkRe(xky∗
k)+

cos θkIm(xky∗
k)
]

, (33)

and a∗ stands for the complex conjugate of a. Con-
sequently,

dhk(θk)

dθk
= −

1

σ2
N

[

sin θkRe(Ẽ[xk]y∗
k) (34)

+ cos θkIm(Ẽ[xk]y∗
k)
]

. (35)

The initial phase θ(0) may simply be constant, i.e.,

θ
(0)
k = θ̂ for all k, where θ̂ may be computed by the

M-law. Note that the above algorithm (Step 1–
6) is very similar to the steepest descent algorithm
presented in [1]. There, steepest descent is applied
to sum-product messages, whereas it is applied to
EM messages here. If one replaces hk by log µg→Θk

in the above procedure (more precisely in Step 3
and 5), one obtains the gradient based sum-product
algorithm of [1].

4 Results and discussion

We assessed the performance of the presented algo-
rithms through simulations, using the same setup
as in [1]; the symbols are protected by a fixed rate
1/2 LDPC code of length 100 that was randomly
generated and was not optimized for the channel
at hand. The factor graph of the code does not
contain cycles of length four. The degree of all bit
nodes equals 3; the degrees of the check nodes are
distributed as follows: 1, 14, 69 and 16 check nodes
have degree 4, 5, 6 and 7 respectively. The symbol
constellation was Gray-encoded 4-PSK. We iter-
ated three times between the LDPC decoder and
the phase estimator, each time with hundred iter-
ations inside the LDPC decoder. We did not it-
erate between the LDPC decoder and the mapper.
We optimized the (constant) step size parameter
λ. In the simulations, we assume the phase am-
biguity has been resolved (see [12]). In Figure 7,
the proposed phase synchronizers are compared to
some synchronizers of [1] (see also [15]) in terms
of mean squared (phase) estimation error (MSEE)
as a function of the SNR; the figure shows that
EM-based algorithms have a similar performance
as the gradient based methods of [1]. The particle
based algorithms have the lowest MSEE, but are
the most complex. At high SNR, i.e., SNR > 3dB,
all algorithms except the M-law achieve the modi-
fied Cramér-Rao bound computed in [16]. Also the
frame error rates (FER) of the proposed phase syn-
chronizers (not shown here) are comparable to the
FER of the gradient based methods of [1].
We have implemented several schemes to gener-
ate the initial estimate θ(0) in the random walk
phase model; they all led to about the same per-
formance (results not shown here). We tried out
several schedules for updating the messages in the
random walk phase model (both in the EM based
as the sum-product based approach), i.e., alterna-
tions of forward and backward sweeps, “parallel”
updates and others; again, we did not observe any
effect on the performance. We noticed that the op-
timal learning rate λ (see (28)) was identical for
each value of σW and σN . A popular technique to
cope with time-varying channel parameters is to in-
troduce “forgetting factors” [5]–[7]. The latter need
to be optimized for each specific value of the chan-
nel parameters, since the dynamics of the channel
is solely handled by those factors; in the algorithms
we proposed, the dynamics is encoded in the prior
fA: the estimates are not only updated based on the
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Figure 7: MPCRB and MSEE for σ2
W = 0 and

σ2
W = 10−4 rad2; shown are (1) the MPCRBs

of [16] (diamonds); (2) the MSEE of the particle
based (circles), EM based (stars), and the sum-
product steepest descent based (triangles) synchro-
nizers; (3) the MSEE of the M-law (squares), only
for σW = 0.

local observations, but also based on fA (see (28)),
which explains why the optimal λ does not vary
with σW and σN .

5 Conclusions

We have derived phase estimators for two phase
models by straightforwardly applying the EM mes-
sage update rules on a factor graph. In the case
of the random walk phase model, the maximization
step was infeasible; we carried out the maximiza-
tion by steepest descent, which we also viewed as
summary propagation on factor graphs. The perfor-
mance of the resulting phase estimators is compa-
rable to gradient based algorithms proposed earlier;
they achieve the (modified) Cramér-Rao bound at
high SNR.
The goal of this paper was to illustrate that (1) EM
based algorithms can be derived mechanically from
a factor graph; (2) EM can straightforwardly be ex-
tended to parameters with non-trivial priors, or in
other words, that there is no need to introduce for-
getting factors; (3) when the M-step can not be per-
formed analytically, it can be carried out by steep-
est descent, which also can be interpreted as sum-
mary propagation on a factor graph; (4) EM based

algorithms can achieve high performance in spite of
their low complexity, as already observed by numer-
ous researchers in the past.
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