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ABSTRACT CRB has been derived for AR(MA)-modelgthout obser-

. . . . vation noise [4], but for AR(MA)-modelsvith observation
A numerical algorithm is proposed to compute Cramér-Rao- . .

; . noise, the CRB seems to be intractable.
type bounds. The Cramér-Rao-type bounds are derived from

information matrices ofnarginals of the joint pdf of the sys- Van Trees derived an analogous bound to the CRiBzflatiom

tem at hand. The key ingredient is message-passing on a fag@riables, referred to as “Bayesian CRB” (BCRB) or “poste-
tor graph of the system. The method can be applied to a widéor CRB” or “Van Trees bound” [1]. Rather surprisingly, far
class of estimation problems. As an illustration, the peabl  less attention has been given to the BCRB than to the stan-

of estimating the parameters of an AR model is considered.dard CRB. Tichavsky et al. derived the BCRB for filtering in
state-space models witheely evolving state [5]. In recent

work [6], we have derived a message-passing algorithm to

1. INTRODUCTION compute BCRBs for general estimation problems.

For many practical estimation problems, popular estinsator!n addition, so-calledhybrid Cramér-Rao bounds have been
such as the maximum likelihood estimator (ML), the max-Proposed [7]; they apply to the joint estimation of paramete
imum a posteriori estimator (MAP) or the minimum meanand random variables.

squared error estimator (MMSE) are infeasible. ThereforeThere are two general strategies to obtain Cramér-Rae-typ
one often needs to resort to suboptimal techniques. bounds for a given estimation problem. One may derive
Suboptimal estimators are typically compared based on theCramér-Rao-type bounds from the information matrix of the
mean squared estimation error (MSE). However, the MSEoint probability density function (pdf) of the system at hand,;
is not anabsolute performance measure; in order to deter-alternatively, one may derive such bounds from information
mine whether a suboptimal algorithm is close to optimal (inmatrices ofmarginals of the joint pdf.

terms of MSE), the MSE of the minimum mean squared erofy,q jntormation matrix of the joint pdf is often sparse since
(MMSE) estimator is required. Unfortunately, the minimum,y, ,opanility function at hand usually has structure, tree
achievable MSE can often not be computed (neither analybrobability function often factors. In [6], we have shownho

ically, nor _numerlcal_ly), and one nee_ds to resorbtminds this sparseness can be exploited to compute Cramér-Rao-ty
on the minimum achievable MSE, typicallgwer bounds. A bounds

well-known family of such lower bounds are the Cramér-Rao- , , 3
type bounds. In this paper, we propose an algorithm to compute Cramér-

For the estimation oparameters, a commonly used lower Rao-type bounds derived from information matrices of mar-

bound for the MSE is the Cramér-Rao bound (CRB), giverginals of the joint pdf. _It has bee_n shown_in [8] th_at Crameér-
by the inverse of the Fisher information matrix [1] [2] (‘ata Rao-type bounds obtained from information matrices of mar-

dard CRB"). The CRB has been computed in a wide variet;gi”als ardighter than the corresponding bounds derived from
of contexts, ranging from communications (e.g., [3]), @-Si the information matrix of the joint pdf. Note that the infoam
nal processing (e.g., [4]) and beyond. tion matrix of a marginal is usually dense, in contrast to the

For some applications, a closed-form expression for the CREITOrmation matrix of the joint pdf. The proposed algorithm
is available; in other applications, e.g., estimation in(R) 'S aPplicable to standard CRBs, BCRBs, and hybrid CRBs.
models, the derivation of CRBs is involved. For example, thelhis paper is structured as follows. First, we review Cramé
The auth rormed th Kwhile at the D ¢ InfoioraTech Rao-type bounds. Then, we present our algorithm to compute
* e aut Oors perrorme the work while at the ept.o nrororat ech- Ar_ ~ . . .
nology and Electrical Engineering, ETH, CH-8092 Zirictjt2erland. This Cramer-Rao type bounds. As an illustration, we consider e

project was supported in part by the Swiss National Sciencaation grant timaﬁon in Statefspace models. At the end of the paper, we
200021-101955. provide a numerical example.




2. REVIEW OF CRAM ER-RAO-TYPE BOUNDS Note thatJ;; is a matrix, since the componeni§, are in
. ) general vectors.
We briefly review the standard CRB and the BCRB. We refef/an Trees proved a Cramér-Rao-type bound for random vari-

to [7] for more information on hybrid CRBs. ables[1, pp. 72-73:

2.1. Standard Cramér-Rao bound E-J" (6)
We start by introducing our notation. Lét= (64,...,0,)7  Theinequality (6) is often referred to as the “Bayesian Gzam
be a parameter vector, and ¥t= (Y3,...,Yy)? be areal Raobound”’ (BCRB), “posterior CRB” or “Van Trees bound”.

random vector (the extension to complex random vectors i holds if the priorp(z) is zero at the boundary of its support
straightforward). Suppose thafy|) is the probability den- (“weak unbiasedness condition”), in addition to some reg-
sity function (pdf) ofY’, which is parameterized by. We  ularity conditions. If the joint pdf(x,y) is Gaussian, the
consider the problem of estimatirg from an observation bound (6) holds with equality. Note that the BCRB also holds

vectory = (y1,...,yn)7. Letthe functioné(y) be an es- for biased estimators, in contrast to the CRB. The weak unbi-
timator of © based on the observatign We define the error asedness condition, however, is not necessarily fulfil@d.
matrix E(9) as: the other hand, the Bayesian Cramér-Rao bound (6) holds at
. R high SNR forany regular joint pdfp(z,y), i.e., also for a
E(9) = Eyio[(O(Y) - 0)(0(Y) - 0)T]. (1)  pdfp(z,y) for which the weak unbiasedness condition is not
met. In addition, the MAP estimator achieves the bound (6)
The Fisher information matri¥ (¢) is given by [1][2]: at high SNR (under certain regularity conditions).

Fis(6) £ Evio [Vo logp(Y10)VE 1oap(Y10)| . @) 3 cOMPUTING CRAM ER-RAO-TYPE BOUNDS

. . FROM MARGINALS
whereF;;(6) is the (i, j)-th element off'(9). Note thatF;;
is a matrix, since the componertdg are in general vectors. | practice, one is often interested in bounding the MSE for a
If the estimatod(y) is unbiased, and the estimation pr0b|emparticular variableX, i.e., for a particulacomponent of the
is regular, the inverse of the Fisher information matrix is ayector X — (X1,...,X,). For example, one may wish to
lower bound on the error matrik(f) (see, e.g., [1, pp. 66— compute a (standard unconditional) BCRB for the MSE:
67], [2, pp. 301-303)):
E 2 (V) = Xe) @ (Y) — Xe)'1 2 B, (7

) L _which is thek-th diagonal element of the error matilik

Note that for many practllcal estimation problems, all esti-rpqe are several ways to obtain a (standard unconditional)
mators are necessarily biased. This is the case for exam RB for (7). One may derive a (standard unconditional)

if %takes values ihn ?n int(:]rv{ad, bl ora, oo“)r,]_w;:h a, b "ebR BCRB from the information matrix of thgint pdf p(z, ).
anda < b. Nevert _eess,} eC_RB (3)isa 9 -SNR oundeq, example, from the standard unconditional BCRB (6), it
for any regular estimatof(y), i.e., also for biased estima- follows:

torsd(y). As is well known, the ML estimator achieves the Epe = [T (8)

bound (3) at high SNR (under certain regularity conditions)
where the unconditional Bayesian information matiixs

computed from the joint pdf(x, y).

Alternatively, instead of deriving the BCRB from the infor-
LetX = (X1,...,X,)TandY = (Y1,...,Yy)T, whereX;,  mation matrix ofp(z,y) (cf. (8)), one may firsmarginalize
andY’}, are real random vectors (the extension to complex ranever some variableX, (¢ # k), and compute the BCRB from
dom vectors is straightforward). Suppgse, y) is the joint  the information matrix of the resultingiarginal of p(z,y).

pdf of X andY". We consider the problem of estimatidg | et us have a look at a simple example. Det& (X1, X5)7,
f_rom an observatior_w vectar= (yi,...,yn)7. Letthe fu_nc- and hencey(z, 1) 2 p(a1,2,y). Suppose that we wish to
tion i(y) be an estimator ok’ based on the observatign  opain a BCRB forX,. This can be done in two ways. One
We define the error matrik of the estimatoti(y) as may compute the unconditional Bayesian information matrix

A . . . of p(z1,y); the inverse of that matrix is a standard uncondi-
E = Exy[(2(Y) - X)@(Y) - X)"]. (4)  tional BCRB forXy:

The Bayesian information matrikis given by Ex,y[(£1(Y) — X1)(&1(Y) — X1)7]

2.2. Bayesian Cran&r-Rao bound

-1
T, 2 Exy [vmi log p(X,Y)VE logp(X, Y)} G = Ex,y [Ve, VL logp(X1,Y)] . (9)



where: 1. Generate a list of samplég?)} 2, from p(y6).
VaN
p(z1,y) =/ p(z1, 22, y)ds. (10) 2. Evaluate the expression:
xr2

Alternatively, one may derive a standard unconditional BCR EX\@Y{VO logp(X,g(j)W)} forj=1,...,N. (15)
from the unconditional Bayesian information matiirof the

joint pdf p(z, y), which is a2 x 2 block matrix. More pre- 3. Compute the matri]i“(m(e):

cisely, the first diagonal element of the inverse of that matr

is a standard unconditional BCRB faf; : . 1 Ny
' FN(g) = ~ > [EX@Y[VG log p(X, y(-7)|9)}
Ex,v[(#1(Y) = X0)(@: (V) - X)) = [371],,. (1) j=1
. T
It has been proved in [8] that the tightest Bayesian Cramér- : Ex|ey[Ve log p(X, ?](J)W)} }

Rao bound for a variabl&;, is obtained by first marginaliz-
ing over all variablesX, (¢ # k), and by then computing the
inverse information matrix of the resulting margingk,y)  Eventually, we replace the Fisher information matixg)
(or p(xx|y)). For instance, the bound (9) is tighter than (11)., (12) by the approximatiof (™) ()
It is typically easier, however, to derive Cramér-Rao hasin

from the joint pdf (as in (11)) than from a marginal (asin (9)) Eg(g) 2 EY\@[(é(Y) —0)((Y) — H)T} - {F(N) (9)} -1 .
In [6], we proposed a message-passing method for comput-

ing Cramér-Rao-type bounds frojoint pdfs. In the follow- (17)

ing, we present such methods for computing Cramér-RaNote thatit is usually easy to sample frgufy|6). The expres-

(16)

type bounds fronmarginal pdfs. sion (15) can (in principle) be computed by sum(integral)-
product message passing [9] on a cycle-free factor graph of
4. MESSAGE-PASSING ALGORITHM p(z,y|0). It sometimes results in closed-form expression (see

Section 6). However, if the resulting expression (15) is in-
In this section, we will consider standard CRBs. The extentractable, one may use Monte-Carlo methods.
sion to BCRBs and hybrid CRBs is straightforward.

We consider a system consisting of hidden random variables 5. STATE-SPACE MODEL

and parameter® with joint pdf p(x, y|6). We wish to com-

pute the standard Cramér-Rao bounddor As we pointed out, the expression (15) can be determined by
. A sum-product message passing [9]. As an illustration, we con

E(0) = EY|®{(9(Y) —0)(0(Y) — 9)T} sider briefly here estimation in general parameterize@stat

space models, which are ubiquitous in signal processing. We

—1(p) & T -1
=F(0) = EY\G[VH log p(Y[0) Vg Ing(Ywﬂ ) will assume for simplicity that the parameters are constant

(12)  and that no prior is defined for the parameters. Our consider-
where ations are readily extended, however, to time-varyingipara
N ters and parameters with priors. The pdf of such a stateespac
p(ylo) = /zp(x’ ylo)dz. (13) " model has the form:
The following lemma paves the way to a numerical algorithm A N
for computing the bound (12). p(@,910) = po(wo) [ [ paxler—1,0)p(yslzr),  (18)
k=1

Lemma 1 If theintegral [, p(z,y|0)dx is differentiableun-  which is shown in Fig. 1. We can rewrite (15) as:
der theintegral sign (w.r.t. 6), then
Exjey [Vologp(X,Y[0)]

Vo logp(Y|0) = Exjey[Velogp(X,Y]0)]. (14)

An equality similar to (14) has been proved earlier in the-con
text of code-aided synchronization [3]. The equality (1) i ) )
easily extended to standard CRBs and hybrid CRBs. The expression ey [Vglog p(Xg|Xj—1,0)] in the RHS
The expression in the RHS of (14) is usually as difficult tof (19) can be computed as:

evaluate (anglytically) as the expression in the LHS; i, fac Exjoy [Volog p(Xk| Xi—1,0)]

both expressions are often intractable. One may then resort

numerical methods; the expression in the RHS of (14) sug- = / p(xk, vk—110,y) Ve logp(xk|rK—1,0)drr—1dxy,
gests the following (numerical) algorithm to determine the Th—1,Tk

bound (12): (20)

N
= Exjoy [Vologp(Xi|Xz-1,0)].  (19)
k=1



CRB and MSE

Fig. 1. Computation of (15) by message passing.
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where the joint pdip(zy, z_1|6,y) may be determined by 100 200 300 400 500 600 700 800 900 1000

the sum-product algorithm, as depicted in Fig. 1: N
Fig. 2. CRB for coefficient estimation. Shown are (1) LPC-
algorithm with knowns?, = 0.1 ando, = 0 (solid line);
px—pi (@)P(2k]TE-1,0). (21) (2) Grid-based algorithms of [10] with unknowf, = 0.1
and unknowns%, = 0.01, and0.001 (dashed); (3) CRB for
6. NUMERICAL EXAMPLE known/unknowrv?, = 0.1 and known/unknowary, = 0.01
(circles), 0.001 (diamands).

p(er, xr-110,y) o< px,_; —py (Th1)
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