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ABSTRACT corrections are valid. For the (toy) problem of joint phasd a

. . . . variance estimation, the higher-order bounds are traetabbr
An algorithm is proposed that can be used (i) to verify the va; 9

i . i . “less trivial estimation problems (especially the ones ithadlve
lidity of the asymptt_)tlc Cr_z?\mer?Rao bound (CRB) f(_)r a flnltehidden random variables), however, this is usually not tmec
number of observations; (ii) to improve the CRB. It is dedve

: . . In this paper, we propose an algorithm to compute intraetabl
from the fibre bundle theory of local exponential familiesele ; ; . . .
oped by Amari and by Barndorff-Nielsen et al. The algoritlsm i higher-order corrections on the asymptotic CRB. The afgori

. o N is applicable to general (non-singular) statistical megdie?., not
applicable to any regular estimation problem. As an ilkatsn, only to curved exponential families (as in [2]); the alglonit re-

the_ problem Of. es'umatmg _the parameters of an AR model WlﬂPnains practical for high-dimensional statistical modeithwvaid-
noisy observations is considered. den random variables. It is a natural extension of the meted
Index Terms— Asymptotic Estimation Theory, Exponential Fam-proposed in [5] to compute intractable CRBs. The algoritem i
ily, Cramér-Rao Bound, Factor Graph, Message Passing based on the fibre bundle theory of local exponential fasdie-
veloped by Amari [6] and by Barndorff-Nielsen et al. [8], whi

is an extension of the higher-order estimation theory foved
exponential families.

The (asymptotic) Cramér-Rao bound (CRB) is a widely usegto Thi_s paper is structured as fpllows. First, we review higd)lﬁgier
bound on the mean square estimation error (MSE) [1]. It hes be estlmat|0n_theory. In Secﬂo_n 3, we pre§ent our algorithm to
computed in a wide variety of contexts ranging from digimie  COMPUte higher-order extensions of Cramér-Rao boundseta
munications to signal, speech, and image processing, tpgom tion 4, we apply that algorithm to a generic state space model

tational neuroscience. In this paper, we address two quessti in Section 5, we provide numerical results for a particutates
1. how can the (asymptotic) CR’B be improved? space model, i.e., an autoregressive (AR) process witly iodis

servations.
2. how can one verify whether the (asymptotic) CRB is valid
for a given (finite) number of observations and a given
signal-to-noise ratio? 2. REVIEW OF ASYMPTOTIC ESTIMATION THEORY

The CRB is well known to be often loose at low signal-to-noise

ratios (SNR) and/or for a small number of observations;é¢tis ~ The asymptotic theory of estimation deals with the perforoea
plains our interest in the first question. In order to motvite of estimators in the limit of an infinite number of observaso
second question, we remind the reader of some well knows.factWe first briefly review first-order asymptotic estimation ahg

For many estimation problems, the CRB is only valid in theitim Whose main result is the standard (asymptotic) CRB. Then we
of an infinite number of observations (asymptotic CRB). Gbvi outline higher-order asymptotic estimation theory; we aidsely
Ous|y, the number of observations is finite in practice' afteno follow [3] First we consider i.i.d. Observations, then riard.
researchers apply the asymptotic CRB while silently assgmi Observations (as in time series).

that the number of observations is sufficiently large. Ircpce,

itis important to know for which number of observations and i 5 1
which SNR region asymptotic CRBs are valid.

In earlier work [2], we have shown how the validity of asymp-2.1.1. First-order asymptotic estimation theory

totic CRBs can be verified by means of higher-order asymptoti o ) )
estimation theory, which is a theory that leads to systemati L€t P(y; u) be a statistical model with random variatifeand
provements of the asymptotic CRB (see, e.g., [3, pp. 81-10f@arameters = u,...,up Withu; € R (fori =1,..., M). We
and references therein). An alternative approach basetieon tcOnsider the problem of estimating the parameter_veftiintz)vm
Barankin bound is presented in [4]. In [2], we applied thehaig ¥ I-I-d- samplesy,, ..., yn of p(y; u). Let the functioni (y ™)
order asymptotic estimation theory for curved exponeriéial- ~ be an estimator of based on the observation¥ = y1, ..., yx.
ilies to the problem of phase and variance estimation. We ob¥e define the error matri&™) (u) as:

tained higher-order corrections on the asymptotic CRB,aed

determined the SNR region in which the asymptotic CRB and its EM (u) 2 Eyvy [(a(YY) —w)(a(YY) —w)T]. (@)

1. INTRODUCTION

Independently Identically Distributed Observations



A key player in first-order estimation theory is the Fishdoin  6(u,v) is supposed to be differentiable. The coordinatetx =
mation matrixF'(u) given by [1]: 1,...,L — M) are chosen such théfu) = (u, 0).

It has been shown thdwr(nzi%(u) is zero for any modeb(y;u),

F(u) = Eviv [Vué(y§“)vﬂ(y§“)] ) (2 in other words, first-order efficiency implies second-ore#i-

N S ciency (but not third-order efficiency) [3]. For curved exgn-

where((y; u) = logp(y; u), and the expectation is with respect tja| families, the minimal third-order matridZs min(u) may be

to p(y; u). The following inequality holds (under certain regu- yecomposed as a sum of two positive semi-definite matrices [3
larity conditions) for anyconsistent estimator (which in general , gg;:

may be biased): 1
M3 min(u) = 3 (Gar(u) +2Ggp(u)), (7)
lim NEWN) (u) = F(u)™t (3) ,
N—o0 with
The inequality (3) (“asymptotic Cramér-Rao bound”) is thain N
result of first-order asymptotic estimation theory [1]. [Gar (w)]ar = ; [ s ()] aca H s (1) ]ber
-1 -1
2.1.2. Higher-order asymptotic estimation theory [E@) ] [P @) (8)
AN
Higher-order asymptotic estimation theory deals with evgians [Ge(w)la = Z '[HE (@)]ce[HE (u)]xar [F (1, 0)]x
of the error matrix2¥) (v) as power series o ~1/2: "Ac‘i[ef w 0 )
) G [F@) Y F@) ™, ©)
EM@w) = N'MO(u)+ N-32M@(y) ¢ 7
+N2M®) (u) + O(N~%/?). (4) Wwhere
The matricesM ) (u) (i = 1,2,...,3) depend on the estima- [Has (1)) aca = Z [Far(w)]ea [F(u)~'],,, (10)
tor a(y}). A consistent estimator is said to be first-order effi- b
cient when its first-order teri/ (*) (u) is minimal at allu among [Hp ()] xee 2 Z [F(w)]cer[F(u,0)7'], (11)
all other consistent estimators. In a similar fashion, oefings X Ar

higher-order efficiency. Interestingly, a higher-orddioént es-

timator is not only optimal with respect to the MSE but with re and

spect to any monotonic loss function [6]. For a first-order ef N

ficient estimator, the matridZ/(") (u) is given by the inverse of [Fns (w)]ear = By [0u (Y5 ) D, (Y 5 0) Do, LY 1)

the Fisher information matri¥'(u) (cf. (3)). Expressions for the + Eyivr [0u, 0u (Y ;u)0u, (Y w)],  (12)
minimal higher-order matriceM,f%(u) for i = 2,3 have been s ) )

derived first for curved exponential families [3] and later §en- P (w)]eex = Eviw [0u.0u (Y w) 00, (Y5 w)] ’w:(u,o)'
eral probabilistic models, based on the fibre bundle thebhy-o (13)

cal exponential families [6] [8].

The curved exponential family is a natural extension of the e The higher-order asymptotic theory for general modgis )
ponential family. The latter is defined as the Seif probability  is derived by first approximating the modefy; «) by a curved
models that can be written in the form exponential family in the neighborhood of some paing R .
Next, one applies the theory of curved exponential fam{tég7)—
(13)), which leads to the following results [6] [8]: the high
order matrix\Ms min(u) has again the form (7), and the teti,
in (7) is again given by (8), i.e., the expression (8) appt®s
wheref € R, C(y) andF;(y) are arbitrary functions of", and general probabilistic models; the tex@y is obtained by apply-
(6) ensures thai(y; 0) is normalized [3]. Many common prob- ing the expression (9) to the curved-exponential approtana
ability models are exponential families, e.g., the unasiand amounting to:

multivariate normal distribution, the Poisson distriloutj and the

L
Pyi0) £ exp [C) + Y O'Fily) —v(0)]. ()

binomial distribution. A curved exponential family is a s#t [GE(U)} ab = Z [F(U)fl]cd [F(U)fl]aq [F(U)fl]bh
probability distributions that is smoothly embedded in ape cdgh ‘
nential family [3]. LetM be a curved exponential family with (17 _IF F
coordinate system € R ; the components af are denoted by ([ B(Wlgeha = [F(w)lgelF(w)]na
uq (a=1,..., M). Since the probability distribution parameter- _ Z [Fi(u)] gee [F(u) ] »[FE(U)]hdf)7 (14)
ized byu also belongs to the exponential famdly we may write of ‘ of
their coordinates a8 = 6(u). The probability distributions in
M may be written as where
L . [FE' (u)]abc é EY;U [8ua 8u é(Y, u)aucg(ya U)} (15)
plyiu) £ exp [Cy) + 0 (W Fi(y) — v (0(w) | (6) . b
i=1 [JE (u)]abcd = Ey;U [8ua 8ub€(Y; u)@ucaudﬁ(Y; u)] . (16)

In the following, we will use a new parametrization (“coordi |f p(y; u) is a curved exponential family, the expression (14) re-
nate system”w = (u,v) for S, where the mapping(w) =  duces to (9).



2.2. Non-i.i.d. Observations

So far, we have assumed that the observatjgns .,y are i.i.d.
An expansion similar to (4) has been derived in [9, Chaptéoi]
non-i.i.d. observations (as in time series, see Sectiond45n
That expansion involves certain limits as for example:

Fi(u) = J\}i_I)nOO%EyN;U[Vué(YN; W)V l(YNu)]  (17)
S %FW(U). (18)

Limits as (17) are hard to compute (even numerically). Tiozeg
we consider here an alternative expansion that does navavo
such limits and can be computed efficiently:

B () = MG (u) + MG () + ONT3) (19)
= [F™M )]~ + %(Ggf} (u) +2 GSEM(U))
+ O(N73), (20)

whereF™), G\ andG2") are by obtained from (2), (8), and

(14) respectively by replacing the loglikelihoé@;; v) with £(y™ ; u).

3. GENERIC MONTE-CARLO ALGORITHM

We consider a stochastic modgl:Y, 4™; u) with hidden ran-
dom variablesXN = Xj,..., Xy, observed random variables
YV =Y,..., Yy, and parameters = ug,...,up;. We wish
to compute the termﬂ/[éfi’rfv)(u) (z = 1, 3) from the marginal
p(yN;u) defined as

po%50) 2 [ pa g, 1)

We follow the same approach as in [5]. The two te ',’nN)(u)
(i = 1, 3) involve expectations with respectity™; u) (cf. (2));

we evaluate those expectations by Monte-Carlo simulatioms

Fig. 1. Factor graph of the state space model (30).

Compute the estimafe™) (u) by averaging over the sam-
plesg™, 5@, ... 5"

n

Z [EXN |YN;U[Vu£(XN7 ?J(j)§ U)]

j=1

. ExN |yN;U|:Vu£(XN, Q(J), ’LL)] T:| .

FMN)(y) =

S

(26)

Similarly, compute estimate&\ ™ (u), XY (), andJ 2 (u)
of F]&N) (u), FéN) (u) and JSEN) (u) respectively.
. Compute the estimate

ES (W] eas [FMN ()], (27)
b

AN

[HG (W)]aca 2

5. Conclude with the estimates
~ N —1
N () 2 [F Y (w)] (28)
and
R 1/ .
M) 2 5 (65w +260 W), (@9)

whereégév) (u) andG(EN) (u) are by obtained from (8) and
(14) respectively by replacing, Hys, Fr, and.Jg with
M, FN | EFN and. Y respectively.

4. STATE SPACE MODEL

draw samples fromp(y™;u) and compute the expectations by As an iIIusFration, we apply the above algorithm to the (g&e
averaging over those samples. The two terms also involve tHarameterized state space model

gradientV,/(y";u) and HessiarV, VI ¢(y;u). The former
can be evaluated through the well-known equality

Vul(yNsu) = Exvjyng [Vl (XN, yN5u)] (22)

wherel(2V, yV;u) = log p(aV, y™; u). Also for computing the
Hessian, we use the expression in the RHS of (22):

VuViLt(yNiu) = Vi Exvyvy [Vl (XN, yN;0)] . (23)

N

p(SCvaN; u) 2 po(zo) H P(Tks Y| TR—15 1),
k=1

(30)

with parameter vector € R*. In many important applications
(see, e.g., Section 5), the model (30) is a curved exponéntia
ily. The marginal distributiorp(y”'; «), however, is most often
neither an exponential family nor a curved exponential fami
Fig. 1 shows a factor graph of (30) (each node correspondsto f

The expressions at the RHS of (22) and (23) can often be confQr. each edge to a variable; we refer to [10] for an introuct

puted efficiently, as we will briefly outline in the followingec-
tions.

In summary, the termd/; ;,(u) and Méﬁ)in(u) may be com-
puted by the following generic Monte-Carlo algorithm:

1. Generate alistof sampleg/("), 4, ..., 5" fromp(y; u).

(N)

2. For/ =1,2,...,n, evaluate the expressions
Exw jyser [Val (X503 0)| (24)
and
Vi Exv e [Vul(XN 5 %50)] . (25)

to factor graphs). Plugging the model (30) into the condiio
expectation (24) amounts to:

EXN\YN;U [Vué(XNa va ’LL)]
N
= Z EXk,lxk\YN;U [vué(Xka yk|Xk—1; U)] ) (31)
k=1

where the expectations in the RHS are with respect to the mar-
ginal distribution®(z, zx—1]y; u). Those marginals may be ob-
tained as [10] (see Fig. 1):

p(xkafl?kfﬂy]v;u) X E(xkfl)ﬁ(fck)p(xk,ydxkﬂ;u)v (32)



Fig. 2. Factor graph of state space model (37) (38).

where the messagei(xk) (rightward arrows in Fig. 1) are com-
puted by the sum-product forward recursion

—

(@) o / i (@r)p (e, yilrn i u) donr,  (33)

with 10(20) = po(z0), and similarly, the messaggs(z;,) (left-

ward arrows in Fig. 1) are determined by the sum-product-back/Ve have computed the CRE Y

ward recursion

/$k+1

with 1z (zx) = 1 [10]. The gradient (25) of the conditional ex-
pectation (24) involves besides the messagés;,) and . ()

also the messagés, 1. (z;,) andV, 1 (z); the latter are com-
puted by recursions similar to (33) and (34) (see the longer r
port [11] for more details).

5. NUMERICAL EXAMPLE

—

p (k) ox

—

P (@) P( g1, Yhg1 | Ts w) drpg1,  (34)

As in [5], we consider the auto-regressive (AR) process
Xe=a1Xp1+aXp—2+ - +axXi—x +Uk, (35)

whereay, . .., ax are unknown real parameters, aligd Us, . . .

are i.i.d. real zero-mean Gaussian random variables witlh va

ancec?. We observe the real random variablegiven by

.. . . 3
whereW,, are i.i.d. real zero-mean Gaussian random vanableél

with variancesd,. From the observatiop = (yi,...,yn), ONe
wishes to jointly estimate the coefficientand the variances?,

ando?,. The expressions (35) and (36) can be rewritten as thd!

state space model:

X, =AXi_1+bN, (37)
Y = L Xy + Wy, (38)
where
Xy = (Zrye oo Zomrea)” (39)
T
AL a—] (40)
Ix_1 Ox_1
b2c21 0%_,]" (41)
a=ay,...,ak]", (42)

H
°
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Fig. 3. MSE and bounds for coefficient estimation.
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wherel, is then x n identity matrix, and),, is a zero (column)
vector of dimensiom.

The factor graph of Fig. 2 represents the model (37) (38)a#t h
been used in [12] to derive various algorithms for estintathe
parameters = (ai,...,ax,0%,0% ). The same graph can be
used to compute the conditional expectation (24) and itdigra
ent (25): the recursions (33) and (34) (indicated by thevesiia
Fig. 2) are equivalent to Kalman recursions for mean veends
covariance matrices [10]; the messa§esy (1) andV,, j (z)
are computed by similar Kalman recursions [11].

(u) and its higher-order cor-
rection)z -

min(w) (cf. (19)) for the estimation of, o7 ando?, .
Fig. 3 summarizes the results for the coefficiantg shows: (i)
the MSE of the linear predictive coding algorithm [13] (sbli
left and right) with knowno%, = 0.1 ando?, = 0; (i) MSE
of grid-based algorithm of [12] (dashed) with unknowg =

0.1 and unknowrns3, = 0.001 (left) andod, = 0.01 (right);
(iiiy CRB MM () (circles) with unknownr2, = 0.1 and un-
knowno3, = 0.001 (left) andod, = 0.01 (right); (iv) third-order
bound (19) (crosses) with unknowi, = 0.1 ando, = 0.001

(left) ando?, = 0.01 (right). As can be seen from Fig. 3, the cor-
rection termMrﬁr’]N ) is significantly smallerthaMrfqliﬁN ) (at most
30% of Mrfjr;N)), and the third-order asymptotic expansion (19)
can therefore be considered valid. Moreover, since the fiftiol
higher-order corrections are likely to be negligible, thgyan-
sion (19) is expected to practically coincide with the minim

achievable MSE.
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