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ABSTRACT a fA‘
The convergence and stability properties of several mespagsing o ¥IG o, |tw
estimation algorithms are investigated, i.e., (genesdlizxpec- 1t
tation maximization, gradient methods, and iterated direhl fa
modes. Results are presented for cycle-free and cycliorfact |
graphs. X . o

(a) Graph of (3). (b) Graph of (4).
1. INTRODUCTION Fig. 1. Factor graphs.

In this paper, we focus on the following generic problem. uxss
that we wish to find 2. The max-product rule may lead to an intractable expres-

N sion; in this case, we cannot compute (1).

Omax = arggnaxf(@), 1) If the maximization (1) is intractable, one may resort tosta
dard optimization techniques such as iterative conditiorades
wheref takes values in a subs@tof R™. In particular, we are (ICM, a.k.a. “coordinate ascent/descent”) [2] or gradieveth-
interested in solving (1) in the case whei@) is a “marginal” of s [3]. In earlier work, we have applied those two methods to

a real-valued functiorf (z, 6): (1) (2); we described them as message-passing algorithets op
ating on a factor graph of(z, 8) [10] [5]. An alternative way to
f(0) = / f(z,0)dz, (2)  computefmax (1) (exactly or approximately) is expectation max-

imization (EM) [1]. A message-passing view of EM is devel-
where [ denotes either summation or integration over the whol@ped in [6] [7] [8]. The maximization step of EM is sometimes
range ofz. We will assumef(z,6) > 0 for all x and all§. The intractable, and one may then resort to ICM or some gradient
maximization (1) lies at the heart of many estimation proide  method; such modifications are referred to as “generalizdd E
As an example, we consider parameter estimation in statespaalgorithms” [1]. In [10, Section 4.9.5] [5] [8] we describedri-
models (as, e.g., hidden Markov models, stochastic dyraimicous generalized EM algorithms in the context of factor gsajph
systems); the variablesandd are then vectors, and the function particular, in the setting of problem (1) (2).

f(x,0) is given by In this paper, we analyze the convergence and stability-prop
erties of the above mentioned classes of iterative estimati-
f(z,0) 2 fa0)fp(x,0), (3) gorithms; we consider the standard formulation of thos®-alg

a rithms in addition to various extensions in the context ofazge
= fa(6 0 0 ) ) .
Fa(6) 15y (o) Fi (20, 21, 41, 61) 2 (21, 22, 92, 62) passing on graphs. This paper is structured as follows. én th
o B (Tn—1, Ty Yn, On), (4) following section, we briefly describe ICM, gradient ascemd
(generalized) EM in the context of factor graphs. We outtine

where X, denotes the state at timie © are the (unknown) pa- g . .
k s ( )P convergence and stability results in Section 3.

rameters of the state space modgi(6) is the prior on®, and
fB,(x0) is the prior on the initial staté&. A factor graph of (3)
and (4) is shown in Fig. 1(a) and Fig. 1(b) respectively (sgde [ 2. MESSAGE-PASSING ESTIMATION ALGORITHMS
for a tutorial on factor graphs); the bg in Fig. 1(a) is detailed ) _ _ o o

in Fig. 1(b) (dashed box). In model (4), the naive computatio As in [7], we first consider the trivial factorization

of (1) and/or (2) is often not feasible.

We will now assume that a factor graph fftz, 6) is avail- F(@,0) = Ia(0)f5(x,0), ®)
able. It may then be possible to compyt®) (2) andfmax (1) where f4 (9) may be viewed as encoding the a priori informa-
by sum-product message passing and by max-product messagigh about® (cf. Fig. 1(a)). In each of the four classes of algo-
passing, respectively [4]. Unfortunately, this approaeioften  rithms, one tries to determine the mode (1) by recomputing an
impractical: upwards and a downwards message, as indicated in Fig. (a). |

1. If the variableX is continuous, the sum-product rule may Section 2.2 to 2.5 we list the explicit form of the upwards and

lead to intractable integrals, whereasXifis discrete, the downwards message for each of the four iterative algorittivos
sum-product rule may lead to an unwieldy sum; in boththe sake of definiteness, we will discuss gradient EM as as-ill
cases, we cannot compute (2). tration of a generalized EM algorithm. In Section 2.6, wel wil



consider non-trivial factorizations. In Section 2.7, wel wlab- whereE,,, denotes the expectation with respect to the
orate on various message-passing extensions of the sthfiodar probability distribution
mulation of the four iterative estimation algorithms. Adarsng
point of our discussion of the four iterative estimationaalthms, sy o SB(Z, )

. . : . : . pp(z]0\) = ——— . (15)
we describe a non-iterative (and often impractical) athomithat >, fe(z,00)
(naively) computes (2) by the sum-product rule.

Downwards message:

2.1. Non-Iterative Algorithm At _ argmax (h(b‘) +log fA(G)). (16)
6

Upwards message:

The upwards:(9) is an “E-log message” [7] [8], which isota
pu(6) = /IfB(xﬁ) dx. (6)  standard sum-product message.
Downwards message: 25 Gradient EM
0 = arg;nax [log 11(0) + log fa(0)] @) Upwards message:
= argmax log f(6). (8) Voh(0)) = By, [Volog fa(X,0)|;0] - (A7)

The upwards messagéf) is a standard sum-product message [4]. Downwards message:

pU+D — g0 4§ h(6® 1 9O ).
2.2. lterative Conditional Modes + k(ve (67) + Ve ngA(( )))

(18)
Upwards message:

Select an index € {1,2,...,n} and compute The upwards message is the gradient of an E-log messagei$5]; i

identical to the message (11) (occurring in gradient a3c@mna-

w(6;) & / fB(x,09(6,)) da. (9) dientEMis almostidentical to gradient ascent with the rivaaly
z log f(0) as objective function; the only difference lies in the up-

5(0) & A0 ~(0) ~(0) 5(0) date schedule: gradient EM tries to find the maximum (16), and

whered'™ (6;) = (6,7, ...,0;°1,0i,0; 1, ..., 007). the marginalp remains fixed until that point (or an other sta-

Downwards message: tionary point ofh(#) + log f4(6)) has been attained; in gradient

(0 if j =14 ascent, the marginals is updated at each iteration.
e+ _ { argmax,, log fi(0;) if j =1 )
J A0 )
93( ) otherwise 2.6. Non-Trivial Factorizations
wheref;(0;) = f(0(6:)) The message-passing formulation outlined in the previobs s
The upwards messagé®;) is also here a standard sum-productseCtionS naturally carries over to non-trivial factoriaas; as an
message [4]. l illustration, we will shortly discuss the factorization) (ee [6]

[7]1 [8] [10] [5] for more information). Suppose that we try to
find (1) by means of ICM, more precisely, by alternating (low-
dimensional) maximizations w.r.t. the individual compots9
Upwards message: (cf. (10)). Itis easily verified that in order to perform tleomax-
imizations, we need the upward sum-product messages JEf. (9
/., Vefa(z, 9)‘(900 dx

2.3. Gradient Ascent

Vologu(09) = - (11) . -
[, (2, 00) dx p(6r) = / fB(@r—1, 21, 0k) g (wp—1) p (1) dag—1 day,.
Downwards message: (19)
AU — O 1\, (Ve 1Ogﬂ(g(4)) + Vo log fA((W)))) Let us now consider EM; the teri(f) in (16) decomposes into
(12) the sum

The upwards message is the gradient of (the log of) a standard
sum-product message [5].

h(0) = hi(Or). (20)
k=1

The upwards messageés (6;,) (“E-log messages”) [7] [8] are

2.4. Expectation Maximization (EM) given by:
Upwards message: hi(01) = Epg [log for(Xe—1, Xk, 0x)] , 1)
ho) = [, fo(x,00) 10Ag fo(z,0) dz 13 where the marginalsp are obtained as:
[, f8(z,00)dx (@i, 2 0©) o f5, (o1, 21, 00) 7 (@nr) 7 (20)-

= Ey; [log fa(X, 0)], (14) (22)



The upwards messag@gkhk(ek)\ém are given by:

Vo, h(01) |5 = Eps [Vo, 108 fBr(Xe—1, Xk, 0k) | 50| (24)

A similar decomposition occurs in gradient ascent/gratdieM:
the termVyh(0) in (18) decomposes into the sum

3. CONVERGENCE AND STABILITY

First we review some well-known (and perhaps some less famil

Vohi(0) = Vo, hi(61). (23)
k=1

iar) properties of the standard formulation of the four aidpons.
Then we consider the message-passing extensions disdassed

Section 2.7; we present results for cycle-free (Section 8n2l

= Vy, log H(ek)‘gu) (25)
_ jm Vekak(xkflaIkvok”é(o E(xkfl)/?(zk) dx

~ —

[, f (@1, 2k, 00) 1 (wp—1) p () da
(26)

(Itis straightforward to extend the message computatitasi21)
and (24) to general node functioffis, (x, 0) [7] [8] [5].)

Due to the decomposition (20), the maximization in (16) can
be performed by means of local computations, i.e., it carmim-p
ciple be carried out by max-product message passing [7] [8].
Similarly, as a consequence of (23), the message computatio
rules (12) and (18) can be computed locally [5].

2.7. Message-Passing Extensions

The message-passing viewpoint suggest a.o. the followitamne
sions of the standard algorithms:

1. We are free to choose theder in which message are
In the standard 4,

updated (“message update schedule”).
setting of the four estimation algorithms, all messages
are recomputed at each iteration (“standard message up-
date schedule”). Obviously, one may prefest to up-

date some messages during several iterations, especially,
if they are computationally complex. For example, in the
case of gradient ascent applied to (4) (Section 2.3), one
may iterate (11) and (12) while the sum-product messages
1 (zr—1) and i (z) in (26) are kept fixed (see [10, Re-
mark 4.9]).

. Itis straightforward to combine several of the above men-
tioned message update rules within one algorithm; at each
node fp,, one can in principle choose one the update
rules. Moreover, one may also mix several rules at one
and the same nodgg,. For example, as an alternative

to (21), one may first eliminate the variable. (by means

of the sum-product rule), and then apply an E-log rule
similar to (21) [9, Section 5.6.9] [10, Section 4.9.4]:

hk(ok) = EPB [1OggBk(Xka ek)] ) (27)

where

gBk(ivkﬁk)é/ 1 (xr—1) By (Th_1, 2k, Ok) dzg_1,

e 28)
and .
P 0 oc [ (wn) o (). (29)

Note that the rule (27) is a low-complexity alternative
to (21), which motivates our interest in (27); the E-log
rule (21) requires the joint marginal ix,_; and X,
whereas (27) involves the (simpler) margipg| (; 6©)

cyclic (Section 3.3) subgraplf (z, 6).
3.1. Basic Propertiesof the Standard For mulation

1. The fixed point3§f of all four algorithms are stationary

points (“zero-gradient” points)s of the marginalf (6)
(2),i.e.,
Vef(e)\éf = 0. (30)

. The saddle points and local minima £(9) are unstable

fixed points, i.e., a slight perturbation will caug€’ to
diverge from those points. The estim#¢ remains in
a local minimum if it is accidentally initialized in a local
minimum.

. All four algorithms have the property

FEOUFD) > £(69), (31)

with equality if the algorithm has reached a fixed point.
Note that in order to guarantee (31) for the gradient as-
cent and gradient EM algorithm, the step sigein (12)

and (18) needs to be appropriately chosen (e.g., according
to the Armijo rule [3]).

Property (31) does in general not imply that, &y ini-

tial (9, the sequencé®) converges to a stationary point
of f(0) (“global convergence”). EM converges globally
under some additional (weak) regularity conditions. For
the other algorithms, global convergence is guaranteed if,
besides some (weak) regularity assumptions, the follow-
ing conditions are fulfilled.

ICM: f;(6;) has a unique (global) maximizer [12].
Gradient ascentappropriate\, e.g., Armijo rule [3].
Generalized EM§(“+1) is stationary point of;(6) [1],
which is achieved in gradient EM, if one iterates (18)
(with fixed ¢(6)) until convergence; alternative condition:
F(OEHDY > £(6O) for all ©) that are not fixed points.

. The four algorithms each define a mappiffig?) = M (60).

The Jacobian/ = VgM(G)\éf determines the conver-

gence properties of the sequeé® in the neighborhood

of a fixed pointéf. The latter is locally stable if all eigen-
values ofJ are smaller than one; the convergence rate in
the neighborhood oﬁf is given by the largest eigenvalue
of J. We listJ for the four estimation algorithms at hand:

ICM: J = F = Agglog f(e)\éf andA,, =V, V7 [12].
Gradient ascentJ = I + A\, F [3].

EM:J=1-G'F

with G = [ f(x,0;)Age log f(z, 0)];, d [1].
Generalized EMSame as EM, as long &5 is a sta-
tionary point ofg(9) [1].

3.2. Cycle-Free Subgraph fg(z,0)

As we pointed out in Section 2, the four iterative estimatégo-

(see [9, Section 5.6.9] [10, Section 4.9.4] for concrete exrithms can be viewed as message-passing algorithms with-a pa

amples).

ticular message update schedule, i.e., all messages amtedpd



each iteration (see [6] [7] [8] [10] [5]). An interesting caton  where we used (34), and therefore
now is: If wemodifythis particular message-passing scheme (as 0 4
outlined in Section 2.7), how does that affect the convergamd VoG (0, b)‘ezém ~ NopG (0, béféf)‘éf G (40)

" . . . -
stability properties listed in Section 3.17 where we also used the fact thagG (6, béféf)‘éf = 0; from (40)

3.2.1. Alternative Update Schedule follows J = I + A\, F. Since the non-standard schedule has the

It is well known that the choice of the message update scheduPdMe fixed-points and Jacobian as the standard-scheddke, bo

does not influence the fixed points of a message-passing alg§>(—:thUIes amount to the same local convergence and stabilit

rithm [11]. Depending on the schedule, however, the algorit properties. In particular, _bOt_h _algorithms asy_mptot'bcajbn-_
may or may not converge, i.e., the update schedule affeatmy| verge at the same rate (which is in agreement with the experm
convergence. In case the algorithm converges, scheduditey-d tallllresults); note, however, that the non-standard sck_reslls!lg-
mines towhichfixed point the algorithm actually converges [11]. n|f|car_1tly less (?omplex than the standard schedulle, S"".““”'ds

It also affects the local stability and convergence rategesiin updating certain sum—productmessage_s at each iteratianhér .
general, the Jacobiahdepends on the schedule; it is straightfor-words’ the convergence rate per fiop is usually much larger in

ward to derive/ for a given schedule (starting from the definition the nor!-st_andard schedulg than in the standard one. We ean ex
of J). tend this first-order analysis to study the global convecgenf

gwe non-standard schedule. Along the lines of (36)—(4%),am

As an illustration, let us consider the update schedule w
show that

mentioned in Section 2.7 (Issue 1); suppose that in the e[jdé},

we use the sum-product messagege;,—1; 0¢)) and z (z,; 6¢)) FOOY = () = A+ O(e2), (41)

computed in a previous iteratiah (with ¢/ < ¢). We will show S ) ) )

that this schedule amounts to the same Jacobiasithe standard With first-order termA > 0 (andA = 0 only if a fixed poTt

schedule, i.e./ = I + Az F. Note first of all, that since we do has been reached). As a consequence, if the differafte=

not recompute the sum-product messages at each iteratigw [0/ — 61~")| between two subsequent estimatés is suffi-

not longer perform gradient ascent @hon the global function ~ciently small (in addition to some regularity conditiong)e al-

log f(6) but (minus) the Gibbs free energyinstead [11]: gorithm is guaranteed to converge; this statement can be mad
more precise by standard arguments, we omit the details Here

G(o,b) & — Z/log FB (@01, 2, 00)b(Tp—1, 243 0,0') da one wishes to guarantee global convergence (without afyores
o Ja tion onA(®)), one may verify after each sequence of updates (35)

whether

+ Z/log b(xp_1,21;0,0)b(x)_1,71;0,0) dx, (32) FOOY = £ > 0. (42)
k z 7L
_ . N . If that condition is not fulfilled, (i) one omits the estimatg’ +)
where the approximate marginals (“beliefsj)are given by with m > 1; (i) one recomputes the sum-product messages with
— — f— A(€/+1) i i /+2)
b(zhr, 2n; 0,0') o [, (51, 20, 0) 17 (2hr: 0) 1 (213 6'), 0=90 : (iii) one determines the estimafé’ by means

(33) of the rule (18). If one chooses an appropriate step size¢he
condition (42) is in practice usually met; this is due to (41)

with 12 and i sum-product messages obtained@e= ¢’. We The above reasoning can straightforwardly be extended to (i
will use the short-hand notatiobyy: 2 b(-:0,6'). Note that the other estimgtio_n algo_rithms at hand, i.e., (generd)ifM,
we haveg (0, bgg) = — log f(6); moreover, since for cycle-free ICM, and combinations; (ii) other update schedules.

graphs, the fixed-points of the sum-product algorithm are-ze 3.2.2. Combining Update Rules

gradient points of the Gibbs free energy [11], it follows _ ) ) )
We pointed out that the message-passing viewpoint enakles u

Vi G(0,0)[,, =0  (forallg). (34)  to combine various local update rules (in particular, (B
within one algorithm; those rules may also be applied at ok a
the same node (cf. (27)). It can be shown that the fixed points
0D =0 + \VoG(0,b50050)|p_sior- (35) of the resulting message-passing estimation algorithmstar
tionary points of the margingl(6). We will briefly demonstrate
this for the state space model (4); the extension to genesel m
- . . (8@ _ g,y elsp(x,y; 0) is straightforward (see [10] for more details). Let
VoG(0:8)]g—gc vegw’befef)"’f * Aeeg(e’befef)“’f & =60 us fiEst con)sider an EM-type algorithm with upward messages

The global gradient ascent update can be written as

In order to obtain/, we start from the Taylor expansion:

+ AgoG (0, bgfe,) (éfyéf)(é([) —0) + O(e?), (36)  hi(6y) (27) (E-step) and downward message (M-step):
A n N / . ~ n ~
wheree = |61 — §()|. We have that: 6+ — argmax ( Z (k) + log fA(e))' (43)
0 —
Ag/gg(o,béfe,) (éf7éf) = Abgg(e,b)‘(éf,béféf)v‘glbéfe, éf (37) k=1

(In the following, we will write hi (0, 0y) instead offy,(6y) if
and we need to make clear that depends o, cf. (27) (29).) The
AwG(6,b = ApG (0, b)‘(éfvbgfgf) (38) fixed points of this EM-type algorithm fulfill the equality:

=Vy [V{g(@,b)h@fﬁ ]

Of

) |(9fabéféf)

.= 0, (39) Zvekﬁk(%,é;{)‘ég + Vglog fa(0)];, =0.  (44)
07 6¢ k=1



Since Although it seems hard to establish global convergence for

the example (43), this does not necessarily apply to othesatge-

Vol (01, 01) |5, = Vo b (01, 01)|;, (45)  passing estimation algorithms that combine various upuees;
= Vg, log (k) ‘ 7 (46) for example, one may easily prove convergence of algorithats
iz estimate certain variables by means of EM and other vagdile
we can rewrite the LHS of (44) as gradient ascent or ICM; one needs to combine the convergence
" conditions for the individual approaches (i.e., EM/gradias-
Vo log u(0)| . + Vo lo 0| 47 cent/ICM). One can readily obtain the Jacobiaof such algo-
; o log u{ k)“)l{ o108 f2(0)]s (47) rithms by blending the Jacobians of the individual appreach
— Vylog f5(6 ‘m +Vylog fA(9)\@f (48) Dueto sp.ace constraints, we omit the details here.
— Vylog f(0 ’W (49) 3.3. Cyclic Subgraph f5(x,0)

On cyclic graphs, the sum-product algorithm is not guarshte
which shows that the fixed pointé of the EM-type algorithm (43) converge [4], and this obviously carries over to the fousss
are stationary points of (¢) (cf. (30)). From (45) (46), it fol-  of jterative estimation algorithms applied on cyclic sugs
lows (i) that the fixed points of ICM (cf. (19)), the EM algo- 7, (s ). Yedidia et al. [11] have shown that the fixed points
rithm (cf. (21)), and the gradient EM algorithm (cf. (24)p@l  of the sum-product algorithm applied on a cyclic graph aze st
fulfill (44) and hence (49); (ii) that if one combines all tieosp-  tjonary points of the Bethe free energy of the system at hesd (
proaches (by combining the corresponding local updatesyule garded as a functional of the “beliefs”). Following the abdine
the fixed points of the resulting algorithm fuffill (44). of thought, it is straightforward to show that the fixed psiot the

Also in this Setting, itis Straightforward to derive an e four estimation algorithms app“ed ona Cyclic Subgri@hx 9)
sion forJ. As an illustration, we will derive/ for the EM-type  are stationary point of the Bethe free energy (regarded asa f
algorithm with upward messag#s(6y.) (27) (E-step) and down- tion in 6) (see [10]). This also holds if one combines several
ward message (43) (M-step). Consider the first-order Taler ypdate rules within one algorithm. Note that it is straightfard
proximation ofVy log f(6) around® = 6: to compute/ also in this setting (following the above example);

the Hessian of the Bethe free energy now plays an importént ro
Vg log f(0) ~ Ve log (6 (instead of the Hessian afg f(6), cf. Section 3.1, Property 5).
= Agglog f(0

4. CONCLUSION

We have derived convergence and stability properties ofages
passing estimation algorithms operating on general graphs

In the statistics literature, the asymptotic convergemopr-
ties of standard estimation algorithms have intensivegnlana-
lyzed. It turns out that in many applications, the effectivaver-
gence rate and stability of those algorithms is stronglyedelent
on the Jacobiad; in other words, the asymptotic analysis is of
significant practical relevance. In future work, we will fioer
experimentally verify whether this also holds for the preasd

\9 +Agg log f(0
002

(6)],,(6—65) (50)
F(0—0y),

where we used the fact that the fixed points of EM are statjonar
points of f(#). From (43), it follows:

> " Vo, h bk,
K=1

Combining the following first-order Taylor approximatiofithe
first term in (52)

Mo, (51)

é;(f))‘gium + Vo log fa(0)]jeesr) = 0. (52)

Vekhk(ok, |0(£+1) R nghk(ek, )\@m asymptotic analysis of message-passing estimation #igusi
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