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Outline

1 Introduction to graphical models(in particular, factor graphs).

2 Inferenceby means of graphical models.

Joint work with Andrew Eckford (York University), Sascha Korl
(Phonak AG) and Andi Loeliger (ETH Zurich).
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Inference

Estimation/Detection
Given

� Probability density/mass functionp(x; y; z; � ; ' ).

� ObservationY = y.

Task
Estimate the random variable (vector)X and parameter (vector)� .

Remark
We are not interested in:

� z = nuisancerandom variable

� ' = nuisanceparameter.
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Inference (2)

Example (Autoregressive model with noisy observations)
Let X1; X2; : : : be a real random process de�ned by:

Xk = a1Xk� 1 + a2Xk� 2 + � � � + aM Xk� M + Uk ; Uk
i.i.d.� N (0;� 2

U )

and let the processY = Y1; Y2; : : : be de�ned as:

Yk = Xk + Wk ; Wk
i.i.d.� N (0;� 2

W ) :

Task
Estimatea1; : : : ; aM from observationY .

Remark
� 2

U , � 2
W , and Xk are nuisanceparameters/random variables
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Applications

The problem ofinferenceappears in many contexts

1 Digital communications:
extract transmitted information from received signal.
e.g., (wireless) LAN, 3G, CDMA, etc.

2 Signal processing:
denoize measured signal, e.g., speech processing.

3 Statistical physics:
simple stochastic models for materials, e.g., ferromagnets.

4 Machine learning:
recognize structure in data
e.g., gene expression, weather, stock market, etc.

1{3: true distribution (often) known ) estimation/detection
4: true distributionunknown, but \guessed" ) learning.

5/67



Introduction Factor graphs Message-passing algorithms Kalman �lter/smoother AR model Conclusion

Inference (3)

Estimation/Detection
Given

� Probability density/mass functionp(x; y; z; � ; ' ).

� ObservationY = y.

Task
Estimate the random variable (vector)X and parameter (vector)� .

Natural solutions

(�̂ ; x̂; ^' ) = argmax
x;�;'

p(x; y; �; ' )
4
= argmax

x;�;'

Z

z
p(x; y; z; �; ' )dz:

(�̂ ; x̂) = argmax
x;�

p(x; y; � )
4
= argmax

x;�

Z

z;'
p(x; y; z; �; ' )p(' )dz d':

Maximization/Summation/Integration oftenproblematic!
) choose appropriateapproximations.
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Approximation by Message Passing on Graphical Model

Two Pillars
� Graphical model= graphical representation ofp(x; y; z; �; ' ).

� Algorithms operate on graphical model by sending \messages"
between nodes) local computations at each node.

Graphical Models
Graphical representation of mathematical model.

� Block diagrams (systems theory)

� Neural networks (e.g., Boltzmann machines/spin glasses)

� Markov random �elds (statistics/statistical physics)

� Bayesian networks (machine learning)

� Tanner graphs/factor graphs (coding theory)
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Forney-style factor graphs (FFGs)

� Factor graphsrepresent the factorization of a function.

� Example

f (x1; x2; x3; x4; x5) = fA(x1; x2; x3)fB (x3; x4; x5)fC (x4):

x1 fA

x2

x3 fB
x5

x4

fC

� Rulesfor drawing a factor graph
� A nodefor everyfactor
� An edgefor everyvariable
� Nodeg is connected to edgex i� variable x appears in factorg
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Forney-style factor graphs (FFGs)

� Factor graphsrepresent the factorization of a function.

� Example
f (x1; x2; x3; x4; x5) = fA(x1; x2; x3)fB (x3; x4; x5)fC(x4)fD (x3):

x1 fA

x2

x3

x00
3

x0
3 fB

x5

x4

fC

fD

=

f = = � (x3 � x0
3)� (x3 � x00

3 )

� Rulesfor drawing a factor graph
� A nodefor everyfactor
� An edgefor everyvariable
� Nodeg is connected to edgex i� variable x appears in factorg
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Forney-style factor graphs (FFGs)

� Factor graphsrepresent the factorization of a function.
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=
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3 )
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Forney-style factor graphs (2)

Factor graphs and block diagrams

U g X
h

Z

W Y

U X Z

W Y

fG fH

� Block diagram: X = g(U; W ), Z = h(X ; Y )

� Factor graph: fG = � (x � g(u; w)), fH = � (z � h(x; y))

� Global function
f (u; w; x; y; z) = � (x � g(u; w)) � � (z � h(x; y))
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Forney-style factor graphs (3)

Joint Probability Distribution

� Factor graphs can representprobabilistic models.

� Given is ajoint probability distribution

pXY (x; y)

of the two discrete random variablesX and Y .

X pXY
Y
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Forney-style factor graphs (4)

Factorization of Joint Probability Distribution

� Chain rule
pXY (x; y) = pX (x)pY jX (yjx)

� Factor graph

pX
X

pY jX
Y
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Forney-style factor graphs (5)

Independent Random Variables

� If the two random variablesX and Y are independent:

pXY (x; y) = pX (x)pY (y):

� Factor graph

pX
X

pY
Y

� If two components areunconnected, then every random
variable of one component isindependentof every random
variable in the other component.
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Forney-style factor graphs (6)

Markov Chain

� Markov chainof the form

pXYZ (x; y; z) = pX (x) � pY jX (yjx) � pZ jY (zjy)

� Factor graph

pX
X

pY jX
Y

pZ jY
Z
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Summary: Factor Graphs

� Factor graphsrepresent thefactorization of a function.

� Equality constraint node

� Block diagrams and factor graphs

� Probabilistic models represented by factor graph
) statistical properties translated intograph structure
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Approximation by Message Passing on Graphical Model

Two Pillars
� Graphical model= graphical representation ofp(x; y; z; �; ' ).

� Algorithms operate on graphical model by sending \messages"
between nodes) local computations at each node.

Graphical Models
Graphical representation of mathematical model.

� Block diagrams (systems theory)

� Neural networks (e.g., Boltzmann machines/spin glasses)

� Markov random �elds (statistics/statistical physics)

� Bayesian networks (machine learning)

� Tanner graphs/factor graphs (coding theory)
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Computing marginals

� Given: Probability mass function

f (x1; :::; x8) =
�
f1(x1)f2(x2)f3(x1; x2; x3; x4)

�

�
�

f4(x4; x5; x6)f5(x5)
�
f6(x6; x7; x8)f7(x7)

� �
:

xi are discretevariables.

� Wanted: Marginal probability

p(x4) =
X

x1;x2;x3;x5;x6;x7;x8

f (x1; :::; x8):

� This factorization can be represented by afactor graph.
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Computing marginals

f (x1; :::; x8) =
�
f1(x1)f2(x2)f3(x1; x2; x3; x4)

�
�

�
f4(x4; x5; x6)f5(x5)

�
f6(x6; x7; x8)f7(x7)

� �

X1

X5

X2

X6

X3

X7

X4

X8

f1

f5

f2

f6

f3

f7

f4
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Computing marginals

p(X4) =

0

@

X

X1

X

X2

X

X3

f3(X1; X2; X3; X4)f1(X1)f2(X2)

1

A

| {z }

� f3! X4

�

0

B

B

B

B

B

B

@

X

X5

X

X6

f4(X4; X5; X6)f5(X5)

0

@

X

X7

X

X8

f6(X6; X7; X8)f7(X7)

1

A

| {z }

� f6! X6

1

C

C

C

C

C

C

A

| {z }

� f4 ! X4

X1

X5

X2

X6

X3

X7

X4

X8

f1

f5

f2

f6

f3

f7

f4� f3! X4 � f4! X4
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Reusing messages

Computingp(x6)

X1

X5

X2

X6

X3

X7

X4

X8

f1

f5

f2

f6

f3

f7

f4

Computingp(x4)

X1

X5

X2

X6

X3

X7

X4

X8

f1

f5

f2

f6

f3

f7

f4

21/67



Introduction Factor graphs Message-passing algorithms Kalman �lter/smoother AR model Conclusion

Sum-product algorithm (\belief propagation")

Step 1: Compute all messages (starting at the leaves)
X1

Xm

h
Y...

� (y) /
X

x1;:::; xm

h(y; x1; : : : ; xm)� (x1) � � � � (xm)

Example

X1

X5

X2

X6

X3

X7

X4

X8

f1

f5

f2

f6

f3

f7

f4
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Sum-product algorithm (\belief propagation")

Step 2: Compute marginals

p(y) / � ! (y)�  (y)

Y
: : : : : :

Example

X1

X5

X2

X6

X3

X7

X4

X8

f1

f5

f2

f6

f3

f7

f4
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Sum-product algorithm on cycle-free graphs

X1

X5

X2

X6

X3

X7

X4

X8

f1

f5

f2

f6

f3

f7

f4

� Finite number of computations.

� Leads toexact marginals.

� All marginalsat once.
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Cyclic graph

= ==

= ==

= ==

Still applicable, butapproximatemarginals; may notconvergence!
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Sum-product rule: continuous variables

X1

Xm

h
Y...

� (y) /
Z

x1;:::;xm

h(y; x1; : : : ; xm)� (x1) � � � � (xm)dx1 : : : dxm

May be intractable
� Xk discrete: unwieldy number of terms in sum

� Xk continuous: no closed-form expression for integral.

Assumeintegration over X1 is intractable.
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Approximations vs. message types

Numerical Integration

� (y) /
X

i

Z

x2;:::; xm

h(y; x̂ ( i )
1 ; x2; : : : ; xm)� (x2) � � � � (xm)dx2 : : : dxm

x1

� (x1)

Decision based

� (y) /
Z

x2;:::; xm

h(y; x̂1; x2; : : : ; xm)� (x2) � � � � (xm)dx2 : : : dxm

x1x̂1

� (x1)

Gaussian approximation

� (y) /
Z

x2;:::; xm

h(y; x1; x2; : : : ; xm)N (x1)� (x2) � � � � (xm)dx2 : : : dxm

x1

� (x1)

Particle method

� (y) /
X

i

Z

x2;:::; xm

h(y; x̂ ( i )
1 ; x2; : : : ; xm)w ( i )

1 � (x2) � � � � (xm)dx2 : : : dxm

x1

� (x1)
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Deriving algorithms

Choosing message types
� Each of the messages may be representeddi�erently .
� Combinationof various types ofalgorithms

� sum/max-product algorithm
� decision-based algorithms (e.g., gradient methods/EM)
� Kalman �lters
� particle �lters.

Systematic derivation of inference algorithms [Wiberg, 1996]

1 Draw factor graph of pdfp(x; y; z; � ; ' ).

2 Apply sum-product rule at each node.

3 If sum-product rule isinfeasibleat a certain node, then apply
an approximation= choose appropriatemessage types.

4 Choose a message update schedule.
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Kalman �lter

Linear system perturbed by additive Gaussian noise
Let X1; X2; : : : be a real random process de�ned by:

Xk = a1Xk� 1 + a2Xk� 2 + � � � + aM Xk� M + Uk ; Uk
i.i.d.� N (0;� 2

U )

and let the processY = Y1; Y2; : : : be de�ned as:

Yk = Xk + Wk ; Wk
i.i.d.� N (0;� 2

W ) :

Task
EstimateX1; X2; : : : from observationY .

Remark
a1; : : : ; aM , � 2

U , and � 2
W assumed to beknown.
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Kalman �lter
Linear system perturbed by additive Gaussian noise
Let X1; X2; : : : be a real random process de�ned by:

Xk = a1Xk� 1 + a2Xk� 2 + � � � + aM Xk� M + Uk ; Uk
i.i.d.� N (0;� 2

U )

and let the processY = Y1; Y2; : : : be de�ned as:

Yk = Xk + Wk ; Wk
i.i.d.� N (0;� 2

W ) :

State space representation

Xk = AX k� 1 + b Uk

Yk = cT Xk + Wk

Xk
4
= [ Xk ; : : : ; Xk� M +1 ]T A

4
=

"
aT

I 0

#

b
4
= c

4
= [1 ; 0; : : : ; 0]T a

4
= [ a1; : : : ; aM ]T
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Linear model: factor graph

Xk = AX k� 1 + b Uk

Yk = cT Xk + Wk :

+

+

=

b

cT

XkXk� 1

Uk

Wk

yk

N

N

: : : : : :A
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Linear model: factor graph

Xk = AX k� 1 + b Uk

Yk = cT Xk + Wk :

+

+

=

b

cT

XkXk� 1

Uk

Wk

yk

N

N

: : : : : :A
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Linear model: factor graph

Xk = AX k� 1 + b Uk

Yk = cT Xk + Wk :

+

+

=

b

cT

XkXk� 1

Uk

Wk

yk

N

N

: : : : : :A

sum-product message passing= Kalman �ltering/smoothing

messages = Gaussian distributions
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Gaussian message update rules
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Gaussian message update rules

35/67



Introduction Factor graphs Message-passing algorithms Kalman �lter/smoother AR model Conclusion

Linear model: factor graph

Xk = AX k� 1 + b Uk

Yk = cT Xk + Wk :

+

+

=

a

b

cT

XkXk� 1

Uk

Wk

yk

N

N

: : : : : :

Entries 3/4

Entry 5

Entry 6

A
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Example revisited

Example (AR model)
Let X1; X2; : : : be a real random process de�ned by:

Xk = a1Xk� 1 + a2Xk� 2 + � � � + aM Xk� M + Uk ; Uk
i.i.d.� N (0;� 2

U )

and let the processY = Y1; Y2; : : : be de�ned as:

Yk = Xk + Wk ; Wk
i.i.d.� N (0;� 2

W ) :

Task
Estimatea1; : : : ; aM from observationY .

Remark
� 2

U , � 2
W , and Xk are nuisanceparameters/random variables
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AR model: factor graph

Xk = AX k� 1 + b Uk

Yk = cT Xk + Wk :

+

+

=

=

=

=

a
� 2

U

� 2
W

b

cT

XkXk� 1

Uk

Wk

yk

N

N

: : :

: : :

: : :

: : :

: : :

: : :

: : :

: : :

A
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AR model: factor graph

Xk = AX k� 1 + b Uk

Yk = cT Xk + Wk :

+

+

=

=

=

=

a
� 2

U

� 2
W

b

cT

XkXk� 1

Uk

Wk

yk

N

N

: : :

: : :

: : :

: : :

: : :

: : :

: : :

: : :

A
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Approximations vs. message types

Numerical Integration

� (y) /
X

i

Z

x2;:::; xm

h(y; x̂ ( i )
1 ; x2; : : : ; xm)� (x2) � � � � (xm)dx2 : : : dxm

x1

� (x1)

Decision based

� (y) /
Z

x2;:::; xm

h(y; x̂1; x2; : : : ; xm)� (x2) � � � � (xm)dx2 : : : dxm

x1x̂1

� (x1)

Gaussian approximation

� (y) /
Z

x2;:::; xm

h(y; x1; x2; : : : ; xm)N (x1)� (x2) � � � � (xm)dx2 : : : dxm

x1

� (x1)

Particle method

� (y) /
X

i

Z

x2;:::; xm

h(y; x̂ ( i )
1 ; x2; : : : ; xm)w ( i )

1 � (x2) � � � � (xm)dx2 : : : dxm

x1

� (x1)
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AR model: decision-based inference

Message types

� Single valueapproximation fora, � 2
U , and � 2

W .

� Messages inXk = Gaussian distributions

Decision-based inference algorithms

The estimateŝa, �̂ 2
U , and �̂ 2

W determined by

� Gradient methods (e.g., steepest ascent/descent)

� Expectation Maximization(EM)

� Gradient EM.
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AR model: factor graph

Xk = AX k� 1 + b Uk

Yk = cT Xk + Wk :

+

+

=

=

=

=

a
� 2

U

� 2
W

b

cT

XkXk� 1

Uk

Wk

yk

N

N

: : :

: : :

: : :

: : :

: : :

: : :

: : :

: : :

A

â

�̂ 2
W

�̂ 2
U

Gaussian messages

Single-value approximation

Single-value approximation
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Expectation Maximization
Task

�̂ max
4
= argmax

�
f (� );

where
f (� )

4
=

X

x

f (x; � ):

e.g., f (a; � 2
U ; � 2

W ) = p(y; x; a; � 2
U ; � 2

W )

EM
1 Make initial guess�̂ (0)

2 Expectationstep

f (` ) (� )
4
=

X

x

f (x; �̂ (` ) ) log f (x; � )

3 Maximizationstep

�̂ (`+1) 4
= argmax

�
f (` ) (� )

4 Repeat2{3 until convergence.
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Expectation Maximization (2)

Simple factorization

f (x; � )
4
= fA(� )fB (x; � )

�
�̂

h(� )

fB

fA

X

Message passing
Upwards messageh(� )

h(� ) =
P

x fB (x; �̂ (` ) ) log fB (x; � )
P

x fB (x; �̂ (` ) )
4
= E pB [logfB (x; � )]

Downwards messagê� (` +1)

�̂ (` +1) = argmax
�

�
logfA(� ) + h(� )

�
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Expectation Maximization (3)

State space model

f (x0; x1; : : : ; xN ; y1; y2; : : : ; yN ; � )
4
= f� (� )f0(x0)

NY

k=1

f (yk ; xk jxk� 1; � )

X0 X1 X2 XN� 1

�

y1 y2 yN

: : :

: : :

�̂ �̂ �̂
h1(� ) h2(� ) hN (� )

XN

= ==

Upwards messageh(� )

h(� )=
NX

k=1

hk (� k ) =
NX

k=1

E
h
logf (yk ; xk jxk� 1; � )j�̂ (` )

i

p(xk� 1; xk j �̂ (` ) )
4
=

f (yk ; xk jxk� 1; �̂ (` ) )� Xk ! f (xk )� Xk� 1! f (xk� 1)
P

xk� 1;xk
f (yk ; xk jxk� 1; �̂ (` ) )� Xk ! f (xk )� Xk� 1! f (xk� 1)
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Sum-product algorithm (\belief propagation")

1 Compute all messages (starting at the leaves)

X1

Xm

h
Y...

� (y) /
X

x1;:::; xm

h(y; x1; : : : ; xm)� (x1) � � � � (xm)

2 Compute marginals

p(y) / � ! (y)�  (y)

Y
: : : : : :
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Expectation Maximization (3)
State space model

f (x0; x1; : : : ; xN ; y1; y2; : : : ; yN ; � )
4
= f� (� )f0(x0)

NY

k=1

f (yk ; xk jxk� 1; � )

X0 X1 X2 XN� 1

�

y1 y2 yN

: : :

: : :

�̂ �̂ �̂
h1(� ) h2(� ) hN (� )

XN

= ==

Upwards messageh(� )

h(� )=
NX

k=1

hk (� k ) =
NX

k=1

E
h
logf (yk ; xk jxk� 1; � )j�̂ (` )

i

Downwards messagê� (` +1)

�̂ (` +1) = argmax
�

�
logf� (� ) +

NX

k=1

hk (� )
�
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Expectation Maximization (4)

Generic E-log message

X1

Xm �̂ (` )

g...
h(� )

h(� ) = E
h
logg(x1; : : : ; xm; � )j�̂ (` )

i
;

where

p(x1; : : : ; xm j �̂ (` ) )
4
=

� (x1) : : : � (xm)g(x1; : : : ; xm; �̂ (` ) )
P

x1;:::; xm
� (x1) : : : � (xm)g(x1; : : : ; xm; �̂ (` ) )

:

� (xk ) are sum-product messages (or approximations, e.g., particle lists,
Gaussian distributions)
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Expectation Maximization (4)

AR model
Xk = AX k� 1 + b Uk

Yk = cT Xk + Wk :

+

+

=

=

=

=

a
� 2

U

� 2
W

b

cT

XkXk� 1

Uk

Wk

yk

N

N

: : :

: : :

: : :

: : :

: : :

: : :

: : :

: : :

A

hk (a)â

hk ( � 2
W ) �̂ 2

W

hk ( � 2
U )�̂ 2

U

Gaussian messages

Single-value approximation

Single-value approximation

E-log messages
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Computation rules forh-messages
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Expectation Maximization (4)

AR model
Xk = AX k� 1 + b Uk

Yk = cT Xk + Wk :

+

+ =

=

=

=

a
� 2

U

� 2
W

Entry 11

Entry 3

b

cT

XkXk� 1

Uk

Wk

yk

N

N

: : :

: : :

: : :

: : :

: : :

: : :

: : :

: : : A

hk (a)

hk ( � 2
W )

hk ( � 2
U )
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Expectation Maximization (3)
State space model

f (x0; x1; : : : ; xN ; y1; y2; : : : ; yN ; � )
4
= f� (� )f0(x0)

NY

k=1

f (yk ; xk jxk� 1; � )

X0 X1 X2 XN� 1

�

y1 y2 yN

: : :

: : :

�̂ �̂ �̂
h1(� ) h2(� ) hN (� )

XN

= ==

Upwards messageh(� )

h(� )=
NX

k=1

hk (� k ) =
NX

k=1

E
h
logf (yk ; xk jxk� 1; � )j�̂ (` )

i

Downwards messagê� (` +1)

�̂ (` +1) = argmax
�

�
logf� (� ) +

NX

k=1

hk (� )
�
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Computation rules for̂�
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Expectation Maximization (4)

AR model
Xk = AX k� 1 + b Uk

Yk = cT Xk + Wk :

+

+ =

=

=

=

a
� 2

U

� 2
W

Entry 12

Entry 3

b

cT

XkXk� 1

Uk

Wk

yk

N

N

: : :

: : :

: : :

: : :

: : :

: : :

: : :

: : : A

â

�̂ 2
W

�̂ 2
U
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Expectation Maximization (4)

AR model: E-step
Xk = AX k� 1 + b Uk

Yk = cT Xk + Wk :

+

+

=

b

cT

XkXk� 1

Uk

Wk

yk

N

N

: : : : : :

Entries 3/4

Entry 5

Entry 6

A

â

�̂ 2
W

�̂ 2
U
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Expectation Maximization (4)

AR model: M-step
Xk = AX k� 1 + b Uk

Yk = cT Xk + Wk :

+

+ =

=

=

=

a
� 2

U

� 2
W

Entry 12

Entry 3

b

cT

XkXk� 1

Uk

Wk

yk

N

N

: : :

: : :

: : :

: : :

: : :

: : :

: : :

: : : A

â

�̂ 2
W

�̂ 2
U
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Expectation Maximization (4)

AR model
Xk = AX k� 1 + b Uk

Yk = cT Xk + Wk :

+

+

=

=

=

=

a
� 2

U

� 2
W

b

cT

XkXk� 1

Uk

Wk

yk

N

N

: : :

: : :

: : :

: : :

: : :

: : :

: : :

: : :

A

hk (a)â

hk ( � 2
W ) �̂ 2

W

hk ( � 2
U )�̂ 2

U

Gaussian messages

Single-value approximation

Single-value approximation

E-log messages
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Gradient EM
Task

� max
4
= argmax

�
f (� );

where
f (� )

4
=

X

x

f (x; � ):

e.g., f (a; � 2
U ; � 2

W ) = p(y; x; a; � 2
U ; � 2

W )

EM
1 Make initial guess�̂ (0)

2 Expectationstep

f (` ) (� )
4
=

X

x

f (x; �̂ (` ) ) log f (x; � )

3 Gradientstep

�̂ (`+1) 4
= �̂ (` ) + � ` r � f (` ) (� )

�
�
�̂ (` ) :

4 Repeat2{3 until convergence.
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AR model: gradient EM

Xk = AX k� 1 + b Uk

Yk = cT Xk + Wk :

+

+

=

=

=

=

a
� 2

U

� 2
W

b

cT

XkXk� 1

Uk

Wk

yk

N

N

: : :

: : :

: : :

: : :

: : :

: : :

: : :

: : :

A

â

�̂ 2
W

�̂ 2
U

Gaussian messages

Single-value approximation

Single-value approximation

Gradient of E-log message
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Steepest Ascent

Task
� max

4
= argmax

�
f (� );

where
f (� )

4
=

X

x

f (x; � ):

e.g., f (a; � 2
U ; � 2

W ) = p(y; x; a; � 2
U ; � 2

W )

Steepest Ascent

1 Make initial guess�̂ (0)

2 Gradientstep

�̂ (`+1) 4
= �̂ (` ) + � ` r � logf (� )

�
�
�̂ (` ) :

3 Repeat2{3 until convergence.
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AR model: steepest ascent

Xk = AX k� 1 + b Uk

Yk = cT Xk + Wk :

+

+

=

=

=

=

a
� 2

U

� 2
W

b

cT

XkXk� 1

Uk

Wk

yk

N

N

: : :

: : :

: : :

: : :

: : :

: : :

: : :

: : :

A

â

�̂ 2
W

�̂ 2
U

Gaussian messages

Single-value approximation

Single-value approximation

Gradient of sum-product message
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Conclusion (1)

Inference/Learning by means of graphical models
1 Draw factor graph

2 Apply sum-product rule to each node

3 Choose message types (for continuous variables)

4 Choose message update schedule
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Conclusion (2)

Divide and conquer
Global estimation/detection problem solved bysimple local
computations.

Disciplined approach
Deriving novel algorithmssystematicallyby listing possible message
update rules at each node in the graph.

Mix and match
Straightforward tocombineseveral approaches, e.g.,
decision-based, particle-based etc., in a single algorithm.

Plug and play
Novel algorithms by combiningtabulatedmessage update rules.
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