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Motivation
• Cramér-Rao bounds (CRBs) arelower boundson MSE of estimators.

• In the case of(deterministic) parameterestimation, the CRBs bound the MSE

(mean squared error) ofunbiasedestimators.

• In the case ofrandom variables, the CRBs bound the MSE of bothunbiasedand

biasedestimators.

• CRBs have been computed for estimators offixedparameters in various contexts, e.g.,

communications and image processing.

• CRBs have been computed forfiltering thestatein state space models withfreely

evolving states[Tichavský et al., 1998], e.g., tracking of slowly varying parameters.

• Extension to

• cycle-free graphical models, e.g.,filtering/smoothingof input/statein generalstate

space models

• Particularcyclic graphical models, i.e., joint decoding and channel estimation

• In this talk, all proofs are omitted.

2/28



Overview

• Introduction to CRBs
• Matrix inversion lemma
• CRBs for estimation in cycle-free graphical models
• State space model
• CRBs for filtering
• CRBs for smoothing
• Examples
• Conclusion
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Introduction to CRBs

• Let p(x, y) be thejoint probability functionof X andY , where

XT △

= (X1, X2, . . . , XN ) andXi ∈ R
l;

thusXT = (X11, X12, . . . , X1ℓ, X21, . . . , X2ℓ, . . . , XNℓ).

• X̂(Y ) is theestimateof X based on the observationsY .

• Error matrixE
△

= EXY [(X̂(Y ) − X)(X̂(Y ) − X)T ].

• Posterior information matrixJ(X) defined as

Jij(X)
△

= EXY

[

∇xi
log p(x, y)∇T

xj
log p(x, y)

]

,

under the assumption that EXY

[

∇xi
log p(x, y)∇T

xj
log p(x, y)

]

exists,

∀x andy.
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Introduction to CRBs (2)
Theorem(Fisher, ’22; Dugué, ’37; Rao, ’45; Cramér, ’46)

Let p(x, y) be thejoint probability functionof X andY andE theerror matrix. If

1. ∇xj
p(x, y) and∇xi

∇xj
p(x, y) = 0 exist∀x andy,

2. theposterior information matrixJ(X) existsand isnon-singular,

3.
∫

x
∇xj

[B(x)p(x)] = 0 , whereB(x) =
∫

y
[x̂(y) − x]p(y|x)dy,

thenE � J(X)−1.

In words

D
△

= E − J(X)−1 is positive semi-definite, i.e.,vT
Dv ≥ 0,∀v ∈ R

lN .

Notice that the estimators are not necessarilyunbiased!

The assumption (3) isweaker.
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Introduction to CRBs (5)

Posterior information matrixJ(X) can be computed inseveralways

Jij(X)
△

= EXY

[

∇xi
log p(x, y)∇T

xj
log p(x, y)

]

(L1)

= −EXY

[

∇xi
∇T

xj
log p(x, y)

]

= −EXY

[

∇xi
∇T

xj
log p(y|x)

]

− EX

[

∇xi
∇T

xj
log p(x)

]

(L2 & L3)

= EXY

[

∇xi
log p(y|x)∇T

xj
log p(y|x)

]

+ EX

[

∇xi
log p(x)∇T

xj
log p(x)

]
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Introduction to CRBs (4)
Corollaries

SinceD
△

= E − J
−1 is positive semi-definite, i.e.,xT

Dx ≥ 0, ∀x ∈ R
lN , it follows

• Eii = Ep(xi,y)[(X̂i(Y ) − Xi)(X̂i(Y ) − Xi)
T ] �

[

J(X)−1
]

ii

Proof: Setx = [0, . . . , 0, xi, 0]T .

• Eij,ij = Ep(xij ,y)[(X̂ij(Y ) − Xij)
2] ≥ [J(X)−1]ij,ij .

Proof: Setx = [0, . . . , 0, xij , 0]T .

• Tr[E − J
−1] ≥ 0, henceTr[E]

△

=
∑

i,j E[(X̂ij − Xij)
2] ≥ Tr[J(X)−1].

•
∑

i E[(X̂ij − Xij)
2] ≥

∑

i[J(X)−1]ij .

Observation

We need toinvertJ(X)! However, we only need thediagonal elementsof J(X)−1.

If J(X) is sparse, the inversion can be doneefficientlyby matrix inversion lemma.

This is can be viewed asmessage passing.
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Matrix inversion lemma
Let A =

[

A11 A12

A21 A22

]

, whereA11 andA22 are nonsingular, such that(A11 − A12A
−1
22 A21)

and(A11 − A22A
−1
11 A12) are also nonsingular.

ThenA is also nonsingular with
[

A
−1

]

11
= A

−1
11 + A

−1
11 A12(A22 − A21A

−1
11 A12)−1

A21A
−1
11

= (A11 − A12A
−1
22 A21)−1

[

A
−1

]

12
= −A

−1
11 A12(A22 − A21A

−1
11 A12)−1

= −(A11 − A12A
−1
22 A21)−1

A12A
−1
22

[

A
−1

]

21
= −(A22 − A21A

−1
11 A12)−1

A21A
−1
11

= −A
−1
22 A21(A11 − A12A

−1
22 A21)−1

[

A
−1

]

22
= A

−1
22 + A

−1
22 A21(A11 − A12A

−1
22 A21)−1

A12A
−1
22

= (A22 − A21A
−1
11 A12)−1.
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CRB for estimation in graphical models
• Theposterior CRBsof variables in cycle-freegraphical modelscan be

computed efficiently bymessage passing.

• The messages are matrices (or sometimes scalars).

• The messages are updated at each node according to a specificupdate rule.

• Theposterior CRBsare computed bycombiningthosemessages, similarly as

the computation ofmarginals.

=
X1

X2

X3

X4

X5

X6

X7

X8

X9

X10

fa

fb

fc fd

f4

f5

f6 f7 f9

f10f1

f2

f3
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CRB for estimation in graphical models (2)
Update rule

X1

XN

YJx1→f (X1)

JxN→f (XN )

f

Jf→y(Y )

...

J−1
f→y(Y ) =

































Jx1→f (X1) + E[−∆x1
x1

log f ] . . . E[−∆
xN
x1

log f ] E[−∆y
x1

log f ]

... . . . . . .
...

E[−∆x1
xN

log f ] . . . JxN→f (XN ) + E[−∆
xN
xN

log f ] E[−∆y
xN

log f ]

E[−∆x1
y log f ] . . . E[−∆

xN
y log f ] E[−∆y

y log f ]

















−1















N+1,N+1

Remark:

• The expectations E[∆
xj
xi

log f ] are supposed to becomputable.

• One can exchange rows and corresponding columns in the abovematrix, it leads to the

sameJf→y(Y ).
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CRB for estimation in graphical models (3)
Update rule

=

X1

XN

YJx1→f (X1)

JxN→f (XN ) Jf→y(Y )

...

Jf→y(Y ) =
∑N

i=1 Jxi→f (Xi)

Posterior CRB

X
f g

Jf→X(X) Jg→X(X)

J(X) = Jf→X(X) + Jg→X(X)
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State space model (I)

• Assumep(x, y) factorizesas

p(x, y) = p(x0)

N
∏

k=1

p(xk|xk−1)p(yk|xk).

• Freely evolving stateX.

• The marginalsp(xk) can be computed bymessage passing.

• TheCRBscan be computed similarly, i.e., byforward and backward sweep!

= ==

p(x0)

X0 X1 X2 X3

Y1 Y2 Y3
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CRB for filtering

Theorem[Tichavský et al., 1998](“forward sweep”)

J(Xk+1) = J
U (Xk+1) + D

22
k − D

21
k (J(Xk) + D

11
k )−1

D
12
k ,

where

D
11
k = E[−∆xk

xk
log p(xk+1|xk)]

D
12
k = [D21

k ]T = E[−∆
xk+1

xk log p(xk+1|xk)]

D
22
k = E[−∆

xk+1

xk+1
log p(xk+1|xk)]

J
U (Xk+1) = E[−∆

xk+1

xk+1
log p(yk+1|xk+1)]

∆y
x = ∇x∇

T
y

J(Xk)
△

=
[

J(Xk
1 )−1

]

kk

Xt
s = (Xs, Xs+1, . . . , Xt) (t > s; t, s ∈ N).
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CRB for smoothing

Forward Sweep:

J
F (Xk+1) = J

U (Xk+1) + D
22
k − D

21
k (JF (Xk) + D

11
k )−1

D
12
k = J

U (Xk+1) + J̃
F (Xk+1).

Initialization: JF (X0) = E[−∆x0
x0

log p(x0)]

Backward Sweep:

J
B(Xk−1) = J

U (Xk−1) + D
11
k−1 − D

12
k−1(J

B(Xk) + D
22
k−1)

−1
D

21
k−1 = J

U (Xk−1) + J̃
B(Xk−1).

Initialization: JB(XN ) = E[−∆
xN
xN

log p(yN |xN )] = JU (XN )

Posterior CRB:Jtot(Xk) = J̃F (Xk) + J̃B(Xk) + JU (Xk).

= ==

p(x0)

X0 X1 X2 X3

Y1 Y2 Y3

J̃F
2 J̃B

2

JU
2

14/28



State space model (II)

• Assumep(x, y, u) factorizesas

p(x, y, u) = p(x0)

N
∏

k=1

p(xk|uk, xk−1)p(yk|xk)p(uk).

• CRB for inputUk and/or stateXk.

• The marginalsp(uk) andp(xk) can be computed bymessage passing.

• TheCRBscan be computed similarly, i.e., byforward and backward sweep!

= ==

p(x0)

X0 X1 X2 X3

Y1 Y2 Y3

U1 U2 U3
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CRB for filtering
Theorem(“forward sweep”)

J(Xk+1) = JU (Xk+1) + ζ22
k − ζ21

k (ζ11
k )−1ζ12

k , where

ζ11
k = J

D(Uk+1) + D
22
k − D

21
k (J(Xk) + D

11
k )−1

D
21
k

ζ12
k = D

23
k − D

21
k (J(Xk) + D

11
k )−1

D
31
k

ζ21
k = D

32
k − D

31
k (J(Xk) + D

11
k )−1

D
21
k = (ζ12

k )T

ζ22
k = D

33
k − D

31
k (J(Xk) + D

11
k )−1

D
31
k

D
11
k = E[−∆

xk
xk

log p(xk+1|uk+1, xk)]

D
12
k = E[−∆

uk+1
xk

log p(xk+1|uk+1, xk)] = (D21
k )T

D
13
k = E[−∆

xk+1
xk

log p(xk+1|uk+1, xk)] = (D31
k )T

D
22
k = E[−∆

uk+1
uk+1

log p(xk+1|uk+1, xk)]

J
D(Uk+1)

△

= E[−∆
uk+1
uk+1

log p(uk+1)]

D
23
k = E[−∆

xk+1
uk+1

log p(xk+1|uk+1, xk)] = (D32
k )T

D
33
k = E[−∆

xk+1
xk+1

log p(xk+1|uk+1, xk)]

J
U (Xk+1)

△

= E[−∆
xk+1
xk+1

log p(yk+1|xk+1)]
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CRB for smoothing
Forward sweep

JF (Xk+1) = JU (Xk+1) + ζ22
k − ζ21

k (ζ11
k )−1ζ12

k = JU (Xk+1) + J̃F (Xk+1)

Initialization

JF (X0) = E[−∆x0
x0

log p(x0)]

Backward sweep

JB(Xk) = JU (Xk) + ρ11
k − ρ12

k (ρ22
k )−1ρ21

k = JU (Xk) + J̃B(Xk)

Initialization

J(XN ) = JU (XN )

Posterior CRB: Jtot(Xk) = J̃F (Xk) + J̃B(Xk) + JU (Xk).

= ==
p(x0)

X0 X1 X2 X3

Y1 Y2 Y3

U1 U2 U3
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Example 1

Random walk phase model

Θk+1 = (Θk + Wk) mod2π

Yk = exp(jΘk) + Vk,

whereWk andVk arei.i.d. (mean free) Gaussian RVswith varianceσ2
θ and2σ2

0 resp.

100 200 300 400 500 600 700 800 900 1000

1

2

3

4

5

6

k

Θ
k

−1.5 −1 −0.5 0 0.5 1 1.5

−1.5

−1

−0.5

0

0.5

1

1.5

Re[Yk]

Im
[Y

k
]
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Example 1 (2)

Random walk phase model

Θk+1 = (Θk + Wk) mod2π

Yk = exp(jΘk) + Vk,

whereWk andVk arei.i.d. (mean free) Gaussian RVswith varianceσ2
θ and2σ2

0 resp.

= ==

p(θ0)

Θ0 Θ1 Θ2 Θ3

S1 S2 S3

hhh

Y1 Y2 Y3

p(y1|s1)

p(θ1|θ0)

Si
△

= exp(jΘi)

h(θk, sk)
△

= δ(sk − exp(jθk))

p(yk|sk)
△

= (2πσ2
N )−1 exp(−||yk − sk||

2/2σ2
N )

p(θk|θk−1)
△

= (2πσ2
W )−1/2 ∑

n∈Z
exp(−((θk − θk−1) + n2π)2/2σ2

W ).
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Example 1 (3)

Random walk phase model

Θk+1 = (Θk + Wk) mod2π

Yk = exp(jΘk) + Vk,

whereWk andVk arei.i.d. (mean free) Gaussian RVswith varianceσ2
θ and2σ2

0 resp.

JF (Θk+1) = JU (Θk+1) + D22
k − D21

k (JF (Θk) + D11
k )−1D12

k

=
1

σ2
0

+
1

σ2
φ

−
1

σ4
φ

(

JF (Θk) +
1

σ2
φ

)

−1
△

= J̃F (Θk+1) +
1

σ2
0

JB(Θk) = JU (Θk) + D11
k − D12

k (JB(Θk+1) + D11
k )−1D21

k

=
1

σ2
0

+
1

σ2
φ

−
1

σ4
φ

(

JB(Θk+1) +
1

σ2
φ

)

−1
△

= J̃B(Θk+1) +
1

σ2
0

.
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Example 1 (4)

Random walk phase model(N = 100, σ2
0 = 0.1991, σ2

φ = 0.01)

0 20 40 60 80 100
5

10

15

20

25

30

35

40

45

50

jf
jb
jtot

0 20 40 60 80 100
0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

1/jf
1/jb
1/jtot
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Example 1 (5)

Random walk phase model

−1 0 1 2 3 4
10

−3

10
−2

10
−1

10
0

SNR (dB)

1/
J

σφ = 0

σφ = 0.001

σφ = 0.01

σφ = 0.1

σφ = 1
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Example 2
Code + Random walk phase model

Θk+1 = (Θk + Wk) mod2π

Yk = Xk exp(jΘk) + Vk,

whereWk andVk arei.i.d. (mean free) Gaussian RVswith varianceσ2
θ and2σ2

0 resp. andXk are

M-ary symbolsprotected by anerror correcting code.

= ==

p(θ0)

Θ0 Θ1 Θ2 Θ3

S1 S2 S3

hhh

× ××

Z1 Z2 Z3

X1 X2 X3

Y1 Y2 Y3

p(y1|s1)

p(θ1|θ0)

Si
△

= exp(jΘi)

h(θk, sk)
△

= δ(sk − exp(jθk))

p(yk|sk)
△

= (2πσ2
N )−1 exp(−||yk − sk||

2/2σ2
N )

p(θk|θk−1)
△

= (2πσ2
W )−1/2

∑

n∈Z
exp(−((θk − θk−1) + n2π)2/2σ2

W )

h×(sk, zk) = δ(zk − xksk).

23/28



Example 2 (2)

Code + Random walk phase model(3-6 LDPC of length 100)

−1 0 1 2 3 4
10

−3

10
−2

10
−1

SNR (dB)

1/
J

σφ = 0 (uncoded)

σφ = 0.001 (uncoded)

σφ = 0.01 (uncoded)

σφ = 1 (uncoded)

σφ = 0 (coded)

σφ = 0.01 (coded)

σφ = 0.1 (coded)
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Example 2 (3)

Code + Random walk phase model(3-6 LDPC of length 100)

−1 0 1 2 3 4
10

−3

10
−2

10
−1

SNR (dB)

1/
J

σφ = 0 (CRB uncoded)

σφ = 0.01 (CRB uncoded)

σφ = 0 (CRB coded)

σφ = 0.01 (CRB coded)

σφ = 0 (Q−algorithm)

σφ = 0.01 (Q−algorithm)
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Conclusion

• CRBs have previously been computed for

• parameter estimation

• filtering (of states).

• We extended this to

• estimation ontrees

e.g.,filtering andsmoothingof inputand/orstate.

• estimation oncertain cyclic graphs, i.e., code + channel.

e.g., code + random walk phase model.
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Thank you for your attention!
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