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Motivation

* Crameér-Rao bounds (CRBs) doever boundon MSE of estimators.

* |n the case ofdeterministic) paramet@stimation, the CRBs bound the MSE
(mean squared error) ahbiasedestimators.

* |n the case ofandom variableghe CRBs bound the MSE of bothmbiasedand
biasedestimators.

* CRBs have been computed for estimatorfxadd parameters in various contexts, e.g.,
communications and image processing.

* CRBs have been computed fidtering the statein state space models witreely
evolving statesTichavsky et al., 1998Je.qg., tracking of slowly varying parameters.
* Extension to

* cycle-free graphical models.qg. filtering/smoothingof input/statan generalstate
space models

e Particularcyclic graphical models, i.e., joint decoding and channel estonat

In this talk, all proofs are omitted.
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Overview

* Introduction to CRBs

* Matrix inversion lemma

* CRBs for estimation in cycle-free graphical models
* State space model

* CRBs for filtering

* CRBs for smoothing

* Examples

® Conclusion
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Introduction to CRBSs

* Letp(z,y) be thejoint probability functionof X andY, where
XT 2 (X1, X,,...,Xn)andX; € R}
thUSXT = (X117X127 - ,Xlg,Xgl, ce ,ng, e ,XNg).

A

* X(Y) is theestimateof X based on the observatiols
e Error matrixE = Exy [(X(Y) — X)(X(Y) — X)T].

 Posterior information matrid (X) defined as
Jij(X) = Exy {V:c@- log p(x,y) V. logp(x,y)} :

under the assumption thakk [Vmi log p(z, y)vgj log p(z, y)} exists,
Vx andy.
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Introduction to CRBs (2)

Theorem(Fisher, '22; Dugué, '37; Rao, '45; Cramér, '46)

Let p(x, y) be thejoint probability functionof X andY andE theerror matrix If
1. Vg, p(z,y) andV,, V, p(z,y) = 0 existVz andy,
2. theposterior information matrid (X') existsand isnon-singulay
3. [, Va,[B@)p(a)] = 0, whereB(x) = [, [#(y) - alp(ylx)dy.

thenE = J(X) 1.

In words
D = E — J(X)~! is positive semi-definitd.e.,v”Dv > 0, Vv € R,

Notice that the estimators are not necessariligiasetl
The assumption (3) iweaker
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Introduction to CRBs (5)

Posterior information matrid (X) can be computed iseveralways

Jiy(X) £ Exy |V, logp(.y)V7, logp(x,y)]
= —Exv |V., V., 10%10(%9)}

= —Exy

(L2 & L3) T T
= Exy [V.@i log p(y|z)V,, logp(ylw)] +Ex [in log p(z)V, logp(:v)}
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Introduction to CRBs (4)

Corollaries
SinceD = E — J ! is positive semi-definitd.e.,z” Dz > 0, vz € R, it follows

* Bi = By, [(Xi(Y) = X)) (Xi(Y) — Xi)T] = [3(X) 7],
Proof: Setr = [0,...,0,2;,0] .

* Eijij = Epayy . [(Xij (V) = Xi5)%] = [J(X) ™ sji5-
Proof: Setr = [0, ...,0, z;;,0]".

* TIIE —J7'] > 0, henceTr[E] = 3,  E[(Xi; — Xi;)%] > Tr[J(X)~"].

© SLE(Xi — Xi5)7] > 3013 (X)) s
Observation

We need tanvert J(X)! However, we only need théiagonal elementsf J(X)~*.
If J(X) is sparsethe inversion can be doredficiently by matrix inversion lemma

This is can be viewed asessage passing
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Matrix inversion lemma

A1 Aig
Asi Ao
and(A11 — A22 A} A12) are also nonsingular.

Let A = [ ] , whereA 11 andAgs are nonsingular, such théfA 1; — A12A2_21A21)

ThenA is also nonsingular with
(A7, = AL FAAR(A2 - AnA A) TA AL
= (A1 — A12AL Asy) !

A7, = —AAR(Ax —AnA'An)!
= —(A11 — A12AL Agy) T TARAL

[A_l}m = —(A22— AnATAp) TAS AT
— —A2_21A21(A11 — A12A2_21A21)_1

[A_1]22 = A2_21 + A2_21A21(A11 — A12A2_21A21)_1A12A2_21
= (A — Ay A A1)
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CRB for estimation in graphical models

Theposterior CRB®f variables in cycle-fregraphical modelgsan be
computed efficiently bynessage passing

The messages are matrices (or sometimes scalars).

The messages are updated at each node according to a speddte rule

Theposterior CRBare computed bgombiningthosemessagesimilarly as
the computation omarginals

Jo f6 f7 fo
| Xo f X7 | Ko
Xl — Xg X10
i £ X £ f2 ho
1
fo
X, X-
i f X4H f5

fa
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CRB for estimation in graphical models (2)

Update rule
X1
Iy —f(X1) N Y
: f
Jor—(XN) Tr=y(Y)
XN
- 4 —1
Joy—5(X1) + E[-AZ] log f] ... E[-AZY log f] E[-AZ, log f]
E[—AY! log f] . E[—ALY log f] E[-Af log f] | NN

Remark:

* The expectations [aﬁg log f] are supposed to ®mputable

* One can exchange rows and corresponding columns in the afaivix, it leads to the

Samet]f—yy (Y) . signal and Information I NN
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CRB for estimation in graphical models (3)

Update rule

Jp—y(Y) = ity oy p (X3)

Posterior CRB

Jf—x(X) Jg—x (X)
b'e

7= -—

g

J(X) = T x (X) + Ty x (X)
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State space model (1)

Assumep(x, y) factorizesas

p(x,y) = p(wo) | | p(erlzr—1)p(yklar).

k=1

Freely evolving stateX .

X, X,

p(xo)
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The marginal®(z) can be computed byessage passing

The CRBscan be computed similarly, i1.e., byrward and backward swekp
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CRB for filtering

TheoremTichavsky et al., 1998(“forward sweep”)

J(Xpq1) = IV (Xpq1) + D — DY (J(Xy) + D) 'Dy2,

where

D' = E[-AZE log p(r41|T8)]

Dilf — [DillT — E[—A?ZH logp(flfk+1|$k)]
D?f — E[—A?ZE logp($k+1’xk)]

JV(Xp11) = E[-AZT logp(yesi1|Trst)]
Ay = V,VT
J(Xy) = [JXHY,,
Xt = (X4, Xeq1,...,Xs)  (t>s;t,s€N).
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CRB for smoothing

Forward Sweep:
IJ7 (Xpt1) = IV (Xpq1) + D2 = DI (Xk) + D) 7' DE? = I3V (X p1) + I (Xig).

Initialization: J¥'(Xo) = E[—AZI log p(z0)]

Backward Sweep:
JP(Xp1) =3V (Xp—1) + Dty — D2 (I (Xe) + D2 ) 'DEL = IV (Xpo1) + TP (Xioa).
Initialization: JB (X ) = E[-AZY logp(yn|zn)] = IV (XN)

Posterior CRBJIY( X)) = JF(X;,) + IB (X)) + IV (Xy).

X X1 grXayr  Xa
p(zo) R
Y; Ya Ys
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State space model (II)

Assumep(x, y, u) factorizesas

p(x,y,u) = p(wo) | | planlur, xr—1)p(ysler)p(us).

Uy

X1

k=1

CRB for inputU,, and/or stateX,..

Us

Xo

f

-

~—

p(xo)
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The marginal®(uy) andp(z;) can be computed byessage passing

The CRBscan be computed similarly, i1.e., byrward and backward swekp
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CRB for filtering
Theorem(“forward sweep”)

J(Xpy1) = IV (Xpq1) + €2 — &H(EYH 712, where
i JP(Ukg1) + D — D} (J(X) + DY) ' DR

2 = DP - DR+ DYDY

¢! = DP-DII(Xp)+DH) DY = ()T

¢ = D?’-D;'(J(X) + D) 'D}!

D' = E[-AZFlogp(zpti|upt,zr)]
D)2 = E[-Ay T logp(apg|urst, zr)] = (D2H7T
D} = E[-A T logp(zpy|upit, k)] = (DIHT
D? = E[-AufT] logp(zppr|upsi, or)]
J” (Ugy1) & E[—AZZE log p(ug41)]
D;® = E[-Aut] logp(@pyilukyt,zk)] = (DFH)T
D = E[-AzyT] log p(Thqtlupt1, Tk)]
IV(Xpy1) = E[-ALT] logp(yki|ori)

signal and Information I NN

m Processing Laboratory ISI

Institut fiir Signal- und
Eidgendssische Technische Hochschule Ziirich 1 6/28 . 8 :

Swiss Federal Institute of Technology Zurich Informatlonsverarbeltung L



CRB for smoothing

Forward sweep
I (Xpg1) = IV (Xpq1) + €02 = L€ T1¢7 = IV (X)) + 37 (Xgern)

Initialization
JF (Xo) = E[-AZS log p(z0)]

Backward sweep
IP (X)) = IV (Xy) + ot — o2 (p22) 1P = IV (X)) + TP (Xy)

Initialization
J(Xn)=JIY(XN)

Posterior CRBJ©Y( X)) = JF(X;,) + JB (X)) + IV (Xy).

U1 Us Us
Xo X1y Xe X3
p(zo) '
Yl Y2 Y3 Signal and Information I NN
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Example 1

Random walk phase model

@k—l—l = (@k —+ Wk) mod 27
Y., = exp(j@k) + Vi,

whereW;, andV;, arei.i.d. (mean free) Gaussian RWsth variances; and2c03 resp.

6 W 7 1.5} ]
5r 1 1F |
ar 0.5 1
= '_Q| q
@ 3t >~ o .° |
=

2r -0.5F -, y
1r -1r i
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signal and Information I NN

m Processing Laboratory ISI

L ) . 18/28 Institut fiir Signal- und
Eidgendssische Technische Hochschule Ziirich Informationsverarbeitung —

Swiss Federal Institute of Technology Zurich



Example 1 (2)

Random walk phase model

@k—l-l = (@k —+ Wk) mod 27
Yo = exp(jOr)+ Vi,

whereW;, andV;, arei.i.d. (mean free) Gaussian RWsth variances; and2c03 resp.

Oo ©1 O2 O3
p(6o)  p(01]60) !
h h h
S1 S S
p(y1]s1)
Y1 Yo Y3

Si é exp(j@i)

IOk, k) = 6(sk — exp(j))
p(yelsk) = (2mo) ™" exp(—|lyx — skl|*/20%)

p(Ok|0k—1) = (2moiy) ™% 3, cpexp(—((0k — Ok—1) + n2m)* [20%;).
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Example 1 (3)

Random walk phase model

@k—l-l = (@k —+ Wk) mod 27
Y., = exp(j@k) + Vi,

whereW;, andV;, arei.i.d. (mean free) Gaussian RWsth variances; and2c03 resp.

J(Ory1) = JY(Ors1)+ D2 — D' (J"(Or) + DY) D2
1 1 1/ 1\~1 A =5 1
_ L (Fen+ L) e e+ L
= + 72 Ui( (Ok) + o2 (Or+1) + =
J7(©r) = JY(Ok)+ Dy — Dy (J7(Os1) + D) Dy
1 1 1/ 1\~ A =5 1
_ —— (50 —) 2 jB e —
it aéﬁ( (Ox1) + 3 (©r41) + 3
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Random walk phase modgV = 100, o5 = 0.1991, 0
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Example 1 (4)
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Example 1 (5)

Random walk phase model

10° ————— — — — —

1/J

SNR (dB)
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Example 2

Code + Random walk phase model
Ort1 = (O + Wi) mod2n
Yi = Xpexp(jOr)+ Vi,

whereW, andV} arei.i.d. (mean free) Gaussian RMsth varianceag and2c3 resp. andX, are
M-ary symbolsprotected by arrror correcting code

©o ©1 O3 ©3
(6o) p(01]60) '

h h h
S1 So S3

X100 Xary X3
Al Z2 Z3

R p(y1]s1)

Si = exp(j©;) v, Ys Y3

h(Ok, s) = 6(skx — exp(j0))

p(yrlsk) = (2m03) ™ exp(—|lyx — sxl?/20%)

p(Ok|0k—1) = (2m03,)"1/2 3,y exp(—((0k — Ox—1) + n2m)?/20%,)

ook 2) = O3 = k) Sgral and nfonaton M=
Em 23128 nfomatonsvrarbeiting Ié!



Example 2 (2)

Code + Random walk phase mod€([3-6 LDPC of length 100)

—— 0 =0 (uncoded)

®
—— ch = 0.001 (uncoded)
—— cr(p = 0.01 (uncoded)
—— 0(p= 1 (uncoded)

—— oq) = 0 (coded)
ch = 0.01 (coded)
—— ch = 0.1 (coded)

1/J

= 0 1 2 3 4
SNR (dB)
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Example 2 (3)

Code + Random walk phase mod€([3-6 LDPC of length 100)

—— 0 =0 (CRB uncoded)
—— cr(p = 0.01 (CRB uncoded)
—— 0 =0 (CRB coded)
—~— 0,= 0.01 (CRB coded)
—— ch = 0 (Q—algorithm)

cr(p = 0.01 (Q—algorithm)

RS

S

1/3

SNR (dB)
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Conclusion

* CRBs have previously been computed for
e parameter estimation

* filtering (of states).

* \We extended this to

e estimation orirees
e.g.,filtering andsmoothingof inputand/orstate

e estimation orcertain cyclic graphd.e., code + channel.
e.g., code + random walk phase model.
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Thank you for your attention!
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