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Introduction

History of learning

* 1960s Algorithms for detectindinear patterns
e.g., the perceptron, PCA, LMS, RLS

* mid 1980s “nonlinearrevolution”
e.g., heural networks, decision trees, graphical models

* mid 1990s Kernel machines
e.g., support vector machines, kernel PCA/LMS/RLS
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Introduction (2)

Taskssolved bykernel machines
* Density estimation
® Clustering
* Compression
* Regression
¢ Classification
Input data
* \ectors inR"
* Strings (e.g., DNA-seguences)
* Documents (e.g., webpages)
* Graphical models (e.g., HMMSs)
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Introduction (3)

Kernel methods consist ofvo parts

* Mappingof the data into suitableigh-dimensional dot-product
space (“feature space”)

* Learning algorithn({based on the dot product) designed to discover
linearpatterns in that space

Goodidea, since
* Increasing dimensionality makes problem ofeasier
* Detection oflinearpatterns isvell-understood
e Kernel trickfor computing dot product in feature space

signal and Information I NN

m Processing Laboratory

5/44 Institut fiir Signal- und
Eidgendssische Technische Hochschule Ziirich Informationsverarbeitung 1
Swiss Federal Institute of Technology Zurich



Intermezzo: Dot product spaces

Let K = Ror K = C. A linear spacdvector space) ovek is a setl” with the
following properties:

e An operator “+".V x V — V is defined such thdt, + is acommutative
group
e A “multiplication” K x V — V is defined with properties
e a(u+v) =au+ av
e (a+bv=av+bv
e (ab)v = a(bv)

o 1 -v=vw
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Intermezzo: Dot product spaces (2)

Let V' be a linear space ovét. An inner produc{dot product, scalar product) is
a functionV xV — K : (v,w) — (v, w), such that

+ v, w) = (u, w) + (v, w)

(u

<
o (av,w) = alv,w)
* {

<

o (V,U)=0<=v=0

Thenormof a vectorv € V is defined agv|| = 1/ (v, v).
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Introduction (4)

Supervised binary classification
SetS = {(x1,v1),...,(x,,yn)} Of pointsx; € R™ with labelsy; € {—1,1}.

Find prediction functiony(x) = sign(d(x)) such thatP(g(x) # y) is small.
d(x) is discriminant functionD = {x € R™ : d(x) = 0} is decision boundary

MAP-estimator:gyiap () = sign[p(y = 1|x) — p(y = —1|x)]
However:p(x, y) unknown

Xo

O
O
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A simple kernel-based classification algorithm

Minimum distance classifieassign patterm to class withnearest mean
g(x) = sign(le—c_| -z —cl))

= sign 1 Z (m,m¢>—i Z (x, ;) + b

" ilyi=+1 ily;=—1
= sign (<’UJ, CE> + b)

cr ==Yyt @@) =3l |? = lles|?) w=ecp—c-

X2
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General kernel-based classification algorithms

Minimum distance classifier

g(x) = sign | — Z (T, x;) — — Z (x,x;) +b

n
i ilyi=+1 ilyi=—1

General kernel classifi€f support vector machirie

g(x) = sign (Z Bik(x, ;) + b)

Remarks:
e Generakernelsx(.,.)
e Coefficientss; not uniformwithin classes

e Pointx classified bycomparingo all input patternse; with nonzeraog;
(“support vectors”)

e Non-parametriclassifiers, kernels centered on input patterns
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Mapping

Step 1
p . /\

¢3

Step 2 Algorithms infeature spacbkased oot product

¢:x=(x1,72) — P(x) = (22,23, V2x122) € R3
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A simple kernel-based classification algorithm

Minimum distance classifier ifeature space

g() = sign(|p(@) —c || - [$(@) - c.)
= sign (ni > (@) b))~ — <¢<m>,¢(mi>>+b>
\ +i|yi=—|—1 Cdlyi=—

= sign ((w, ¢(x)) + b)

ci = i Ny $@) b=l P llerl?) w=cy—c

P2
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Kernel trick

¢3

@:x=(x1,22) — P(x) = (x%axga \5271@) e R?

<q5(€13),¢(2)> — <($1,$2,lez2) (Z%,Zg,\/i21»22)>

22
= 292 4+ 2525 + 2017021 %0

= (2121 4 2222)?

2

= (x,2)" = k(x, 2)
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A simple kernel-based classification algorithm

Minimum distance classifier ifeature space

g(x) = sign(|[¢(x) —c_| —[[o(x) — c]])
= sign i | Z k(x, ;) — ni_ | Z k(x, ;) + b
ily;=—+1 ily;=—1

sign ((w, ¢(x)) + b)

ci = i Ny $@) b=l P llerl?) w=cy—c

P2
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Kernel trick (2)

Step 1
ep . /\

Step 2 Algorithms infeature spacbkased oot product

¢:x=(x1,72) — P(x) = (22,23, V2x122) € R3

_ 2
k(x,z) = (x, 2)
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General kernel-based classification algorithms

Minimum distanceclassifier ininput space

g(x) = sign 1 Z <w,wi>—i Z (x,x;)+b

n
i ilyi=+1 ilyi=—1

Minimum distanceclassifier infeature space

g(x) = sign 1 Z &(m,mi)—i Z k(x,x;) + b

n n_
T ilyi=—+1 ily;=—1

Support vector machine

g(x) = sign (Z Bik(x, x;) + b>

e Generakernelss(.,.)

e Pointx classified by comparing to all input patteraswith nonzerog,;
(“support vectors™)
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Key aspects of kernels

Definitions
A kernelis a functions : X x X — X that for allz, z € X satisfies

k(x,z) = (d(x), p(2z)), whereg is a mapping fromt’ to an inner product space
F,¢:x— ¢(x) e F.

e.g..k(x, z) = (x, z)?

Given a sefS = {x1, ..., x;}, aGram matrixis defined as thé x [ matrix G
whose entries aré&r;; = (x;, x;).

GivenasetS = {«x1, ..., x;}, thekernel matrixassociated to kernelis
defined as thé x [ matrix K whose entries ar&;; = (p(x;), ¢(x;)) = k(xi, ;).

Properties of Gram and kernel matrices
Gram matrices areymmetricandpositive semi-definitei.e.,Vx € R' : ' Gz > 0.
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Key aspects of kernels

Definition

A functionk : X x X — R satisfies thdinitely positive propertyf it is a
symmetricfunction for which thematricesK;; = x(x;, ;) formed by
restriction to any finite subset of the spaterepositive semi-definite

Remarks:
* Everykernelsatisfies théinitely positive property

e But isevery functiorthat satisfies this condition a kernel?
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Key aspects of kernels (2)

Theorem(Generating an inner product space from a k@rnel

A functionk : X x X — R which is either continuous or has a finite domain, is a
kernel i.e., it can be decomposed @&, z) = (¢p(x), p(z)), wheregp is a

mapping into an inner product spakeif and onlyif it satisfies theinitely

positive semi-definite property

Sketch of the proof
e
Mappingg : x € X — ¢(x) = k(x,.) € F},

Linear spacd’ = {Zﬁ.:l aik(x;,.):leNx; € X a; € R}

Inner product

f(a) = 35 cin(es, ) andg(e) = Y7, Bin(zi, @)

(F,9) = i Xy lji(ais 23) = Ty 0a0(@:) = Ejos B3 (25)
[ £ll=Yiey Sy qiri(mi z)) = o' Ka >0 VfeF
Ifl=0< f(z) =0,sincef(x) = (f,¢(x)) < || f||o(x)[|=0
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Key aspects of kernels (2)

Theorem(Construction of kerne)s

Let k1 andky be kernels ove®” x X, a € RT and f a real valued function o#’.
Then thefollowing functionsarekernels

() (z,2) = ri(z, 2) + Ka(x, 2),
(i) Kz, 2) = w1 (2, 2)k2(x, 2),
(i) K(z, 2) = ari(z, 2),

V) w(x,2) = f(z)f(2).

Popular kernelenR"™
4 exp(— ”‘”2_03” ) andtanh(o(x, 2)) + 7, whered € N, o andr € R

(@, z)
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From graphical models to kernels

“Message passing” kern@P-kernel)

k(x,z) = p(x, 2)

— Zp(:c, z|m)par (m)
= > p(@lm)p(z|m)par(m)

= Y > p(@|m,0)p(z|m,0)pe(8]m)pa(m)
m 0
e Itis akernel (even usingapproximatanference algorithms!)
e Kernel matrix is computed mgessage passiran graph.

e Applications
e DNA sequence analysiphylogenetic trees, HMMs
e Information retrieval hierarchical model for documents

e Signal processinge.g., EMG/speech signals
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From graphical models to kernels (2)

“Message passing” kern@P-kernel)

Example:Hidden Markov Model

k=2

/N N

Z Zm H (zk|sk)P(2k|51)P(Sk] SK—-1)

—

/\
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Overall picture

S K y(x)

— K Algorithm

Kernelx
e Depends on data structurem®f(strings, documents, graphs)
e Corresponds to embedding in (high dimensional) space
e The sole nonlinear element in the system
Kernel matrix K = information bottleneck
e Input of the learning algorithm
e Encodes the input data
Learning algorithm
e Operates on the kernel matrix
e Does NOT depend on the data type of the input!
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General kernel-based classification algorithms

Minimum distanceclassifier ininput space

g(x) = sign 1 Z <:I:,5137;>—i Z (x,x;)+b

n
i ilyi=+1 ilyi=—1

Minimum distanceclassifier infeature space

g(x) = sign 1 Z &(m,mi)—i Z k(x,x;) + b

n n_
i ilyi=+1 ilyi=—1

Support vector machine

g(x) = sign (Z Bik(x, x;) + b)

e General kernels(., .)

e Pointx classified bycomparingto all input patternse; with nonzerag;
(“support vectors”)
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Support Vector Machines

Maximal margin classifier

¢2 °© o
ooooo o d(x)={(w,d(x;))+b=0 |w]|=
OO
Q

d1
Maximize marginy = distance between hyperplane and closest data poin

= Good generalization

P2 °© o
(o] lo) o o
°© o
(©) (o)
o
(0]
]
O o o
O
O g OB o
O o o
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Support Vector Machines (2)

Maximal margin classifier

¢2 °© o
Lo 0, © d(z) = (w, p(x;)) +b =0 |w]|=
(o] OO
(o)
Q
P1

Maximize marginy = distance between hyperplane and closest data poin
Y = ming<;<¢ ¥;d(T;) = mini<;<¢ ¥ ((w, @(x;)) + b))

¢ d(z) = (w, () +b=0  [lw]=1

P1
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Intermezzo: Constrained optimization

Primal problem
Minimize fy(x), z € R?, subject tof;(z) <0 (1 <i<m)andh;(z) =0(1<i<p

DefineLagrangianL : R? x R™ x RP — R
L(wa)‘vy)éfo(m)_'_zzl)\zfz( ) Zz 1V’L ( )

andLagrange dual functiop : R™ x R? — R asg(\,v) = inf,.cp L(x, A\, V)
(A, v) Lagrange multiplierer dual variables

Property
For anyrv andX > 0: g(A,v) < p*

Dual problem
Maximize g(\, v) subject toA > 0
(A™, v*) optimal Lagrange multipliers

Weak duality
d* < p* (even if primal problem isiot convey; p* — d* is optimal duality gap

Strong duality
d* = p* (“constraint qualifications”) Signal and Information I

Processing Laboratory
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Intermezzo: Constrained optimization (2)

Karush-Kuhn-Tucker conditions
If f; areconvexandh; areaffineand if (x

~

, ) satisfy the KKT-conditions

~»

J(x) = 0, i=1,...,p
filx) < 0, i=1,...,m
N, > 0, 2=1,....m
fi@\ = 0, i=1,....m
Vio(x) + 32 MVifi(x) + 35, viVhi(z) = 0,

thenz and(\, &) areprimal and dual optimakith zero duality gap
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Support Vector Machines (3)

Maximal margin classifier
(Constrained) Optimization problem
Hlan,b,fY Y

subject to  y;({(w, d(x;)) +b)) >, i=1,...,£ and ||w|?*=1

Primal Lagrangian
L(w,b,v,0,\) = =y — iy o [yi({w, (@) +b) — 7]+ A(JJwl[? = 1) (o, = 0)

Zero gradient equatioriead to the equalities

¢ ¢ ¢ ¢
Zozq;yi = 0; Zai =1; w= )\Zyiaiqb(:ci); d(x) = )\Zaiym(w,wi)—kb
i=1 i=1 i=1 i=1

Substitutionin the primal Lagrangian leads tlual Lagrangian
p 1/2 .
L) = = (S50 oo maymlan ;) (002 0,)

= Convex opt. problemff x(x;, ;) is positive semi-definitg.e., iff x is akernel
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Support Vector Machines (4)

Maximal margin classifier
Dual Lagrangian

’ 1/2 .
L(e) = = (300 oo myin(@i @) (oi = 0,¥0)

Discriminant function
d(z) =AY , auyik(@, ;) + b

Karush-Kuhn-Tucker (KKT) conditions
of ly,((w*, d(x;)) +b*) —~v*] =0, +=1....,L

In words: o is nonzero iff¢(x;) has geometric margin*!
b2 °© o

1
ETH 30/44
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0 00" 00 d(a) = AT, ain(w.a) +b =0
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Support Vector Machines (5)

Hard margin classifier
Sensitiveto noise/outliers!

¢2 ° o
OoOO
(o)
(o)
o O
(o)
(o)
O O O
o
o8 g
o
o u]

b1

Soft margin classifier
Tolerates somenisclassificatior(*slack variables’)

¢2 ° o
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Support Vector Machines (6)

Soft margin classifier
(Constrained) Optimization problem
MiNy p~e —7+C Zle &;
subject to  y;({w, p(x;)) +0)) >~v—&, & >0, i=1,...,¢ and |w|?*=
Primal Lagrangian
L(w, b, 7,0, 8) = =y + C Xy & — iy oulya((w, (i) +b) =7 + &}
=Y &+ MlwP 1) (0,2 0,8, = 0, Vi)
Zero gradient equatioriead to the equalities

‘ ‘ ‘ ‘
Z%’yz‘ = 0; ZOéz' =1L w= Zyiai¢(wi)§ C = a;+0;; dlz) = Z%ym(w,wi:
i=1 i=1 =1 =1

Dual Lagrangian
¢ 1/2 .
L) = = (Xi,m 0o piyin(@n@y)) (€= o= 0,0)
= Convex opt. problemff x(x;,x;) is positive semi-definitg.e., iff x is akernel
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Support Vector Machines (7)

Soft margin classifier

Karush-Kuhn-Tucker (KKT) conditions
af ly;((w*, p(x;)) +b%) — v + &1 =0; &(af—-C)=0, i=1....,¢

o Is nonzero iff inputr; has geometric margi* or v* — £ (thena; = C)

P2

b1
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General kernel-based classification algorithms

Minimum distanceclassifier ininput space

g(x) = sign 1 Z <:I:,5137;>—i Z (x,x;)+b

n
i ilyi=+1 ilyi=—1

Minimum distanceclassifier infeature space

g(x) = sign 1 Z &(m,mi)—i Z k(x,x;) + b

n n_
i ilyi=+1 ilyi=—1

Support vector machine

g(x) = sign (Z Bik(x, x;) + b)

e Generakernelsx(.,.)

e Pointx classified bycomparingto all input patternse; with nonzerag;
( Support VeCtorS ) Signal and Information I NN
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Other kernel-based learning algorithms

Least mean squares regression

SetS = {(x1,y1),-..,(xn,yn)} Of pointsx; € R™ with labelsy; € R.

Find regression functiop(z) = (w, ¢(x)) = >, w;¢(x;) such that
L(w ,S,A):Zi (yi — g(x:))* + X ||w||? with X > 0 is miminal.

Notation: X = (¢(x1),. .., d(x,))T y .
Solution o ()
¢1

(XTX + M) )w = X'Y (normalequations
g(x) = Y'X(X'X+A,) "¢(x)

l

= Zam(wi,m
1 =1
a = (K+M,)'Y

BUT: « is not sparse!
signal and Information I NN
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Other kernel-based learning algorithms

Support vector regression

e-sensitive loss functiodl. (w, S, \) = S, max (0, (y; — g(x;))2 — &) + A |Jw ||?

y -

b1
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Other kernel-based learning algorithms (2)

Principal Component analysis (PCA)

P2

IDEA: Projection of data ok-dimensional linear subspace

Center of masg = 1// Zle o(x;)
Empirical covariance matri€’' = 1//¢ Zle(qb(a:i) —p)(p(x;) — p)t

Eigenvalue problem
U, A| = eig(4C)

Projection
T; = (uf (i), ..., u) Pp(x;))" With Ay > Ap > - > ),
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Other kernel-based learning algorithms (3)

Kernel PCA

Key insight
If v is eigenvector ofK with eigenvalue)\, thenu = X’ v is an eigenvector ofC.

Indeed:
(Cu=ICX"v=X"XX"v=X"Kv=XX"v=2u and |ul]®*=

As a consequence:
wy = A (0)id(@i) = S (ag)id(as) with o = A7 P
ul §() = S (o)l )

Algorithm
K=K - 1/633TK —1/¢Kjjt +1/02(31 Kj§)jj" (centering)
[V, A] = eig(K)
1 ) )
a]:\/—rfvj, ]:1,,]€W|th)\12)\222)\p
~ 14 ~ 14 ~
a:z - (Z?’:]‘(Oél)’u%(wz’ m)7 Y Zz:]‘(ak)Z/{(wZ’ m>) Signal an d Information I
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Applications
* Handwriting recognition
* Speaker identification
* Face detection
* Text categorization
* Computational biology, e.g, analysis of microarray data

* Applications @ ISI
* Message passing kernels
e “Learning node functions” (density estimation)
e Combinations

| B G| CHE o
I X
I Y pe(Yk|TK)
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Kernel machines: Pros and Cons

Pros
* Learning algos in feature space arell understood
* Modulararchitecture
* Good performancéafter some tweaking)
Cons
* How to choose aappropriate kern@l
* How to determine the kernglrameter?
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Conclusion

e Kernel machines ameon-parametridearning algorithms.

e Two main ideas

e (Implicit) mappingof the input data into suitable
high-dimensionatlot-productspace (“feature space”)

e Learning algorithm(based on the dot product) designed to
discoverlinearpatterns in feature space.

e Kernel trickfor computing inner products in feature space.
e Kernel matrixis interface between input data and (kernel) algorithm.

e Kernels can be derived frographical models

e Sparsenes®nly “support vectors” are relevant.
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Where to look for more information?

* Books (available @ ISIbib ')
e Kernel Methods for Pattern Analysis,
J. Shawe-Taylor and N. Cristianini
* Learning with Kernels,
B. Scholkopf and A. Smola
* Web
http://ww. kernel - machi nes. org

* ML Summer School 2005 in Canberra (Jan)
http://canberra05. n ss. cc/
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Thank you for your attention!
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Learning with kernels

60’ Tutorial

Justin Dauwels

dauwel s@si . ee. et hz. ch

Signal and Information Processing Laboratory
Department of Information Technology and Electrical Engineering
ETH Zurich, Switzerland
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