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Overview

• Introduction
• From a simple kernel algorithm . . .
• . . . to general kernel algorithms
• Key aspects of kernels
• Kernels from graphical models
• Support vector machines
• Applications
• Kernel machines: Pros and Cons
• Conclusions
• Where to look for more information?
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Introduction

History of learning
• 1960s: Algorithms for detectinglinearpatterns

e.g., the perceptron, PCA, LMS, RLS
• mid 1980s: “nonlinearrevolution”

e.g., neural networks, decision trees, graphical models
• mid 1990s: Kernel machines

e.g., support vector machines, kernel PCA/LMS/RLS
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Introduction (2)

Taskssolved bykernel machines
• Density estimation
• Clustering
• Compression
• Regression
• Classification

Input data
• Vectors inR

n

• Strings (e.g., DNA-sequences)
• Documents (e.g., webpages)
• Graphical models (e.g., HMMs)
• . . .
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Introduction (3)

Kernel methods consist oftwo parts
• Mappingof the data into suitablehigh-dimensional dot-product

space (“feature space”)
• Learning algorithm(based on the dot product) designed to discover

linearpatterns in that space

Goodidea, since
• Increasing dimensionality makes problem ofteneasier
• Detection oflinearpatterns iswell-understood
• Kernel trickfor computing dot product in feature space
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Intermezzo: Dot product spaces

Let K
△

= R or K
△

= C. A linear space(vector space) overK is a setV with the

following properties:

• An operator “+”:V × V → V is defined such thatV, + is acommutative

group

• A “ multiplication” K × V → V is defined with properties

• a(u + v) = au + av

• (a + b)v = av + bv

• (ab)v = a(bv)

• 1 · v = v
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Intermezzo: Dot product spaces (2)

Let V be a linear space overK. An inner product(dot product, scalar product) is

a functionV × V → K : (v, w) → 〈v, w〉, such that

• 〈u + v, w〉 = 〈u, w〉 + 〈v, w〉

• 〈v, w〉 = 〈w, v〉

• 〈av, w〉 = a〈v, w〉

• 〈v, v〉 ∈ R and〈v, v〉 ≥ 0

• 〈v, v〉 = 0 ⇐⇒ v = 0

Thenormof a vectorv ∈ V is defined as‖v‖ △

=
√

〈v, v〉.
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Introduction (4)
Supervised binary classification

SetS = {(x1, y1), . . . , (xn, yn)} of pointsxi ∈ R
n with labelsyi ∈ {−1, 1}.

Findprediction functiong(x) = sign(d(x)) such thatP (g(x) 6= y) is small.

d(x) is discriminant function, D = {x ∈ R
n : d(x) = 0} is decision boundary.

MAP-estimator:gMAP(x) = sign[p(y = 1|x) − p(y = −1|x)]

However:p(x, y) unknown!

?

X1

X2

d(x) = 0
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A simple kernel-based classification algorithm

Minimum distance classifier: assign patternx to class withnearest mean

g(x) = sign(‖x − c−‖ − ‖x − c+‖)

= sign





1

n+

∑

i|yi=+1

〈x, xi〉 −
1

n−

∑

i|yi=−1

〈x, xi〉 + b





= sign (〈w, x〉 + b)

c± = 1

n+

∑

i|yi=±1
φ(xi) b = 1

2
(‖c−‖2 − ‖c+‖2) w = c+ − c−

X1

X2

d(x) = 0

x

wc+

c−
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General kernel-based classification algorithms
Minimum distance classifier

g(x) = sign





1

n+

∑

i|yi=+1

〈x, xi〉 −
1

n−

∑

i|yi=−1

〈x, xi〉 + b





General kernel classifier(“support vector machine”)

g(x) = sign

(

n
∑

i=1

βiκ(x, xi) + b

)

Remarks:

• Generalkernelsκ(., .)

• Coefficientsβi not uniformwithin classes

• Pointx classified bycomparingto all input patternsxi with nonzeroβi

(“support vectors”)

• Non-parametricclassifiers, kernels centered on input patterns
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Mapping

Step 1

X1

X2

φ(x)

φ1

φ3

φ2

d(x) = 0

Step 2 Algorithms infeature spacebased ondot product

φ : x = (x1, x2) 7→ φ(x) = (x2
1, x

2
2,
√

2x1x2) ∈ R
3
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A simple kernel-based classification algorithm

Minimum distance classifier infeature space

g(x) = sign(‖φ(x) − c−‖ − ‖φ(x) − c+‖)

= sign





1

n+

∑

i|yi=+1

〈φ(x), φ(xi)〉 −
1

n−

∑

i|yi=−1

〈φ(x), φ(xi)〉 + b





= sign (〈w, φ(x)〉 + b)

c± = 1

n±

∑

i|yi=±1
φ(xi) b = 1

2
(‖c−‖2 − ‖c+‖2) w = c+ − c−

φ1

φ2

d(φ(x)) = 0

φ(x)

wc+

c−
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Kernel trick

X1

X2

φ(x)

φ1

φ3

φ2

d(x) = 0

φ : x = (x1, x2) 7→ φ(x) = (x2
1, x

2
2,
√

2x1x2) ∈ R
3

〈φ(x), φ(z)〉 = 〈(x2
1, x

2
2,
√

2z1z2), (z
2
1 , z2

2 ,
√

2z1z2)〉
= x2

1z
2
1 + x2

2z
2
2 + 2x1x2z1z2

= (x1z1 + x2z2)
2

= 〈x, z〉2 = κ(x, z)
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A simple kernel-based classification algorithm

Minimum distance classifier infeature space

g(x) = sign(‖φ(x) − c−‖ − ‖φ(x) − c+‖)

= sign





1

n+

∑

i|yi=+1

κ(x, xi) −
1

n−

∑

i|yi=−1

κ(x, xi) + b





= sign (〈w, φ(x)〉 + b)

c± = 1

n±

∑

i|yi=±1
φ(xi) b = 1

2
(‖c−‖2 − ‖c+‖2) w = c+ − c−

φ1

φ2

d(φ(x)) = 0

φ(x)

wc+

c−
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Kernel trick (2)

Step 1

X1

X2

φ(x)

φ1

φ3

φ2

κ(xi, xj)

d(x) = 0

Step 2 Algorithms infeature spacebased ondot product

φ : x = (x1, x2) 7→ φ(x) = (x2
1, x

2
2,
√

2x1x2) ∈ R
3

κ(x, z) = 〈x, z〉2
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General kernel-based classification algorithms
Minimum distanceclassifier ininput space

g(x) = sign





1

n+

∑

i|yi=+1

〈x, xi〉 −
1

n−

∑

i|yi=−1

〈x, xi〉 + b





Minimum distanceclassifier infeature space

g(x) = sign





1

n+

∑

i|yi=+1

κ(x, xi) −
1

n−

∑

i|yi=−1

κ(x, xi) + b





Support vector machine

g(x) = sign

(

n
∑

i=1

βiκ(x, xi) + b

)

• Generalkernelsκ(., .)

• Pointx classified by comparing to all input patternsxi with nonzeroβi

(“support vectors”)
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Key aspects of kernels

Definitions

A kernelis a functionκ : X × X → X that for allx, z ∈ X satisfies

κ(x, z) = 〈φ(x), φ(z)〉, whereφ is a mapping fromX to an inner product space

F , φ : x 7→ φ(x) ∈ F.

e.g.,κ(x, z) = 〈x, z〉2

Given a setS = {x1, . . . ,xl}, aGram matrixis defined as thel × l matrixG

whose entries areGij = 〈xi, xj〉.

Given a setS = {x1, . . . ,xl}, thekernel matrixassociated to kernelκ is

defined as thel × l matrixK whose entries areKij = 〈φ(xi), φ(xj)〉 = κ(xi, xj).

Properties of Gram and kernel matrices

Gram matrices aresymmetricandpositive semi-definite, i.e.,∀x ∈ R
l : xT Gx ≥ 0.
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Key aspects of kernels

Definition

A functionκ : X × X → R satisfies thefinitely positive propertyif it is a

symmetricfunction for which thematricesKij = κ(xi, xj) formed by

restriction to any finite subset of the spaceX arepositive semi-definite.

Remarks:

• Everykernelsatisfies thefinitely positive property.

• But isevery functionthat satisfies this condition a kernel?
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Key aspects of kernels (2)

Theorem(Generating an inner product space from a kernel)

A functionκ : X × X → R which is either continuous or has a finite domain, is a

kernel, i.e., it can be decomposed asκ(x, z) = 〈φ(x), φ(z)〉, whereφ is a

mapping into an inner product spaceF , if and onlyif it satisfies thefinitely

positive semi-definite property.

Sketch of the proof

⇐
Mappingφ : x ∈ X → φ(x) = κ(x, .) ∈ Fk

Linear spaceF = {
∑l

i=1
αiκ(xi, .) : l ∈ N, xi ∈ X , αi ∈ R}

Inner product:

f(x) =
∑l

i=1
αiκ(xi, x) andg(x) =

∑n
i=1

βiκ(zi, x)

〈f, g〉 =
∑l

i=1

∑n
j=1

αiβjκ(xi, zj) =
∑l

i=1
αig(xi) =

∑l
j=1

βjf(zj)

‖f ‖=∑l
i=1

∑l
j=1

αiαjκ(xi, xj) = α′Kα ≥ 0 ∀f ∈ F

‖f ‖= 0 ⇔ f(x) = 0, sincef(x) = 〈f,φ(x)〉 ≤ ‖f ‖‖φ(x)‖= 0
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Key aspects of kernels (2)

Theorem(Construction of kernels)

Let κ1 andκ2 be kernels overX ×X , a ∈ R
+ andf a real valued function onX .

Then thefollowing functionsarekernels:

(i) κ(x, z) = κ1(x, z) + κ2(x, z),

(ii) κ(x, z) = κ1(x, z)κ2(x, z),

(iii) κ(x, z) = aκ1(x, z),

(iv) κ(x, z) = f(x)f(z).

Popular kernelsonR
n

〈x, z〉d, exp(−‖x−z‖2

2σ2 ) andtanh(σ〈x, z〉) + τ , whered ∈ N, σ andτ ∈ R
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From graphical models to kernels
“Message passing” kernel(P-kernel)

κ(x, z) = p(x, z)

=
∑

m

p(x, z|m)pM (m)

=
∑

m

p(x|m)p(z|m)pM (m)

=
∑

m

∑

θ

p(x|m, θ)p(z|m, θ)pΘ(θ|m)pM (m)

• It is akernel! (even usingapproximateinference algorithms!)

• Kernel matrix is computed mymessage passingon graph.

• Applications

• DNA sequence analysis: phylogenetic trees, HMMs

• Information retrieval: hierarchical model for documents

• Signal processing: e.g., EMG/speech signals
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From graphical models to kernels (2)
“Message passing” kernel(P-kernel)

κ(x, z) =
∑

θ

p(x|θ)p(z|θ)pΘ(θ)

Example:Hidden Markov Model

κ(x, z) =
∑

s1

· · ·
∑

sn

p(s1)

n
∏

k=2

p(xk|sk)p(zk|sk)p(sk|sk−1)

== = =

S1 S2 S3 Sn

x1 x2 x3 xnz1 z2 z3 zn
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Overall picture

K y(x)
κ

S
Algorithm

Kernelκ

• Depends on data structure ofx (strings, documents, graphs)

• Corresponds to embedding in (high dimensional) space

• The sole nonlinear element in the system

Kernel matrixK = information bottleneck

• Input of the learning algorithm

• Encodes the input datax

Learning algorithm

• Operates on the kernel matrix

• Does NOT depend on the data type of the input!
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General kernel-based classification algorithms
Minimum distanceclassifier ininput space

g(x) = sign





1

n+

∑

i|yi=+1

〈x, xi〉 −
1

n−

∑

i|yi=−1

〈x, xi〉 + b





Minimum distanceclassifier infeature space

g(x) = sign





1

n+

∑

i|yi=+1

κ(x, xi) −
1

n−

∑

i|yi=−1

κ(x, xi) + b





Support vector machine

g(x) = sign

(

n
∑

i=1

βiκ(x, xi) + b

)

• General kernelsκ(., .)

• Pointx classified bycomparingto all input patternsxi with nonzeroβi

(“support vectors”)
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Support Vector Machines

Maximal margin classifier

γ∗

γ∗

φ1

φ2

d(x) = 〈w,φ(xi)〉 + b = 0 ‖w‖= 1

Maximize marginγ = distance between hyperplane and closest data point
⇒ Good generalization

φ1

φ2

γ
γ∗
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Support Vector Machines (2)

Maximal margin classifier

γ∗

γ∗

φ1

φ2

d(x) = 〈w,φ(xi)〉 + b = 0 ‖w‖= 1

Maximize marginγ = distance between hyperplane and closest data point
γ = min1≤i≤ℓ yid(xi) = min1≤i≤ℓ yi(〈w,φ(xi)〉 + b))

b

〈w,φ(x)〉w

φ(x)

φ1

d(x) = 〈w,φ(xi)〉 + b = 0 ‖w‖= 1
φ2
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Intermezzo: Constrained optimization
Primal problem

Minimize f0(x), x ∈ R
d, subject tofi(x) ≤ 0 (1 ≤ i ≤ m) andhi(x) = 0 (1 ≤ i ≤ p)

DefineLagrangianL : R
d × R

m × R
p → R

L(x, λ, ν)
△

= f0(x) +
∑m

i=1
λifi(x) +

∑p
i=1

νihi(x)

andLagrange dual functiong : R
m × R

p → R asg(λ, ν) = infx∈D L(x, λ, ν)

(λ, ν) Lagrange multipliersor dual variables

Property

For anyν andλ ≥ 0: g(λ, ν) ≤ p∗

Dual problem

Maximizeg(λ, ν) subject toλ ≥ 0

(λ∗, ν∗) optimal Lagrange multipliers

Weak duality

d∗ ≤ p∗ (even if primal problem isnot convex); p∗ − d∗ is optimal duality gap

Strong duality

d∗ = p∗ (“constraint qualifications”)
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Intermezzo: Constrained optimization (2)
Karush-Kuhn-Tucker conditions

If fi areconvexandhi areaffineand if (x̃, λ̃, ν̃) satisfy the KKT-conditions

hi(x̃) = 0, i = 1, . . . , p

fi(x̃) ≤ 0, i = 1, . . . , m

λ̃i ≥ 0, i = 1, . . . , m

fi(x̃)λ̃i = 0, i = 1, . . . , m

∇f0(x) +
∑m

i=1
λi∇fi(x) +

∑p
i=1

νi∇hi(x) = 0,

thenx̃ and(λ̃, ν̃) areprimal and dual optimalwith zero duality gap.

f = 0
f = 1

f = 2

f = 3

∇f
∇c c = 0

c > 0

c < 0
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Support Vector Machines (3)
Maximal margin classifier

(Constrained) Optimization problem

maxw,b,γ γ

subject to yi(〈w, φ(xi)〉 + b)) ≥ γ, i = 1, . . . , ℓ, and ‖w‖2= 1

Primal Lagrangian

L(w, b, γ,α, λ) = −γ −
∑ℓ

i=1
αi[yi(〈w, φ(xi)〉 + b) − γ] + λ(‖w‖2 − 1) (αi � 0)

Zero gradient equationslead to the equalities
ℓ
∑

i=1

αiyi = 0;

ℓ
∑

i=1

αi = 1; w = λ

ℓ
∑

i=1

yiαiφ(xi); d(x) = λ

ℓ
∑

i=1

αiyiκ(x, xi)+b

Substitutionin the primal Lagrangian leads todual Lagrangian

L(α) = −
(

∑ℓ
i,j=1

αiαjyiyjκ(xi, xj)
)1/2

(αi � 0,∀i)

= Convex opt. problem, iff κ(xi, xj) is positive semi-definite, i.e., iff κ is akernel!
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Support Vector Machines (4)
Maximal margin classifier

Dual Lagrangian

L(α) = −
(

∑ℓ
i,j=1

αiαjyiyjκ(xi, xj)
)1/2

(αi � 0,∀i)

Discriminant function

d(x) = λ
∑ℓ

i=1
αiyiκ(x, xi) + b

Karush-Kuhn-Tucker (KKT) conditions

α∗
i [yi(〈w∗, φ(xi)〉 + b∗) − γ∗] = 0, i = 1. . . . , ℓ.

In words:α∗
i is nonzero iffφ(xi) has geometric marginγ∗!

γ∗
γ∗

φ1

φ2

d(x) = λ
∑ℓ

i=1
αiyiκ(x, xi) + b = 0
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Support Vector Machines (5)
Hard margin classifier
Sensitiveto noise/outliers!

φ1

φ2

Soft margin classifier
Tolerates somemisclassification(“slack variables”ξ)

φ1

ξ

φ2

31/44



Support Vector Machines (6)
Soft margin classifier

(Constrained) Optimization problem

minw,b,γ,ξ −γ + C
∑ℓ

i=1
ξi

subject to yi(〈w, φ(xi)〉 + b)) ≥ γ − ξi, ξi ≥ 0, i = 1, . . . , ℓ, and ‖w‖2= 1

Primal Lagrangian

L(w, b, γ,α, λ) = −γ + C
∑ℓ

i=1
ξi −

∑ℓ
i=1

αi[yi(〈w, φ(xi)〉 + b) − γ + ξi]

−
∑ℓ

i=1
βiξi + λ(|w|2 − 1) (αi � 0, βi � 0, ∀i)

Zero gradient equationslead to the equalities
ℓ
∑

i=1

αiyi = 0;

ℓ
∑

i=1

αi = 1; w =

ℓ
∑

i=1

yiαiφ(xi); C = αi+βi; d(x) =

ℓ
∑

i=1

αiyiκ(x, xi)+

Dual Lagrangian

L(α) = −
(

∑ℓ
i,j=1

αiαjyiyjκ(xi, xj)
)1/2

(C � αi � 0,∀i)

= Convex opt. problem, iff κ(xi, xj) is positive semi-definite, i.e., iff κ is akernel!
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Support Vector Machines (7)
Soft margin classifier

Karush-Kuhn-Tucker (KKT) conditions

α∗
i [yi(〈w∗, φ(xi)〉 + b∗) − γ∗ + ξ∗i ] = 0; ξ∗i (α∗

i − C) = 0, i = 1. . . . , ℓ.

α∗
i is nonzero iff inputxi has geometric marginγ∗ or γ∗ − ξ∗i (thenα∗

i = C)

γ∗
γ∗

φ1

φ2

ξi

d(x) =
∑ℓ

i=1
αiyiκ(x, xi) + b = 0
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General kernel-based classification algorithms
Minimum distanceclassifier ininput space

g(x) = sign





1

n+

∑

i|yi=+1

〈x, xi〉 −
1

n−

∑

i|yi=−1

〈x, xi〉 + b





Minimum distanceclassifier infeature space

g(x) = sign





1

n+

∑

i|yi=+1

κ(x, xi) −
1

n−

∑

i|yi=−1

κ(x, xi) + b





Support vector machine

g(x) = sign

(

n
∑

i=1

βiκ(x, xi) + b

)

• Generalkernelsκ(., .)

• Pointx classified bycomparingto all input patternsxi with nonzeroβi

(“support vectors”)
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Other kernel-based learning algorithms
Least mean squares regression

SetS = {(x1, y1), . . . , (xn, yn)} of pointsxi ∈ R
n with labelsyi ∈ R.

Find regression functiong(x) = 〈w, φ(x)〉 =
∑n

i=1
wiφ(xi) such that

L(w, S, λ) =
∑l

i=1
(yi − g(xi))

2 + λ ‖w‖2 with λ ≥ 0 is miminal.

Notation:X
△

= (φ(x1), . . . ,φ(xn))T

φ1

y

g(x)Solution:

(XT X + λIn)w = XT Y (normal equations)

g(x) = Y T X(XT X + λIn)−1φ(x)

=

l
∑

i=1

αiκ(xi, x)

α = (K + λIn)−1Y

BUT: α is not sparse!
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Other kernel-based learning algorithms

Support vector regression

ε-sensitive loss functionLε(w, S, λ) =
∑l

i=1
max(0, (yi − g(xi))

2 − ε) + λ ‖w‖2

φ1

y

√
ε

g(x)
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Other kernel-based learning algorithms (2)
Principal Component analysis (PCA)

φ′
1

φ′
2

φ1

φ2

IDEA: Projection of data onk-dimensional linear subspace

Center of massµ = 1/ℓ
∑ℓ

i=1
φ(xi)

Empirical covariance matrixC = 1/ℓ
∑ℓ

i=1
(φ(xi) − µ)(φ(xi) − µ)T

Eigenvalue problem

[U ,Λ] = eig(ℓC)

Projection

x̃i = (uT
1 φ(xi), . . . ,u

T
p φ(xi))

T with λ1 ≥ λ2 ≥ · · · ≥ λp
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Other kernel-based learning algorithms (3)
Kernel PCA

Key insight

If v is eigenvector ofK with eigenvalueλ, thenu = XT v is an eigenvector ofℓC.

Indeed:

ℓCu = ℓCXT v = XT XXT v = XT Kv = λXT v = λu and ‖u‖2= λ

As a consequence:

uj = λ
−1/2

j

∑ℓ
i=1

(vj)iφ(xi) =
∑ℓ

i=1
(αj)iφ(xi) with αj = λ

−1/2

j vj

uT
j φ(x) =

∑ℓ
i=1

(αj)iκ(xi, x)

Algorithm

K̃ = K − 1/ℓjjT K − 1/ℓKjjT + 1/ℓ2(jT Kj)jjT (centering)

[V ,Λ] = eig(K̃)

αj = 1√
λj

vj , j = 1, . . . , k with λ1 ≥ λ2 ≥ · · · ≥ λp

x̃i =
(
∑ℓ

i=1
(α1)iκ̃(xi, x), . . . ,

∑ℓ
i=1

(αk)iκ̃(xi, x)
)
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Applications
• Handwriting recognition
• Speaker identification
• Face detection
• Text categorization
• Computational biology, e.g, analysis of microarray data
• Applications @ ISI

• Message passing kernels
• “Learning node functions” (density estimation)
• Combinations

= = = =
β

Xk

p(β)

Yk
pβ(yk|xk)
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Kernel machines: Pros and Cons

Pros
• Learning algos in feature space arewell understood
• Modulararchitecture
• Good performance(after some tweaking)

Cons
• How to choose anappropriate kernel?
• How to determine the kernelparameters?
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Conclusion
• Kernel machines arenon-parametriclearning algorithms.

• Two main ideas

• (Implicit) mappingof the input data into suitable

high-dimensionaldot-productspace (“feature space”)

• Learning algorithm(based on the dot product) designed to

discoverlinearpatterns in feature space.

• Kernel trickfor computing inner products in feature space.

• Kernel matrixis interface between input data and (kernel) algorithm.

• Kernels can be derived fromgraphical models.

• Sparseness: only “support vectors” are relevant.
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Where to look for more information?

• Books (available @ ISIbib !)
• Kernel Methods for Pattern Analysis,

J. Shawe-Taylor and N. Cristianini
• Learning with Kernels,

B. Schölkopf and A. Smola
• Web
http://www.kernel-machines.org

• ML Summer School 2005 in Canberra (Jan)
http://canberra05.mlss.cc/
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Thank you for your attention!
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Learning with kernels

60’ Tutorial

Justin Dauwels
dauwels@isi.ee.ethz.ch

Signal and Information Processing Laboratory

Department of Information Technology and Electrical Engineering

ETH Zurich, Switzerland
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