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Abstract

Variational methods are frequently used for performing inference in graphical models. The
sum-product algorithm is often intractable for systems with continuous variables, and variational
methods are then an interesting alternative; moreover, variational methods are guaranteed
to converge (both on cycle-free and cyclic graphs), whereas the sum-product algorithm is in
general not guaranteed to converge on cyclic graphs. In this paper, it is shown how (naive and
structured) variational algorithms may be derived from a factor graph of the system at hand
by mechanically applying generic message computation rules; in this way, one can bypass error-
prone variational calculus. In prior work by Bishop et al., Xing et al., and Geiger, directed and
undirected graphical models have been used for this purpose. The factor graph notation amounts
to simpler generic variational message computation rules. By means of factor graphs, variational
methods can straightforwardly be combined with various other message-passing algorithms, e.g.,
Kalman filters and smoothers, iterated conditional modes, expectation maximization (EM),
gradient methods, and particle filters. Some of those combinations have been explored in the
literature, others seem to be new. Generic message computation rules for such combinations
are formulated. The connection between the variational message-passing algorithm and the
message-passing formulation of EM is investigated.

1 Introduction

Variational techniques have a long history and they are currently applied in various research fields.
They have been used for decades in quantum and statistical physics [1][2], where they are called
“mean-field approximations”. They allow physicists to compute macroscopic physical properties of
many-particle systems. Variational methods have also been adopted in statistics [3] and machine
learning (see [4]-[13] and references therein), in particular, for statistical inference. In this paper, we
consider the following generic statistical inference problem. Assume that we are given a multivariate
probabilistic model f(z,0,y) with observed random variables Y and hidden random variables X and
©. The latter takes values in a subset Q of R". We will assume that f(x,0,y) is continuous (w.r.t.
) in Q and differentiable (w.r.t. 8) in the interior of Q2. Suppose that we are interested in X but not
in © (“nuisance variable”), and that we wish to compute the marginal
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where [, , denotes either summation or integration over the whole range of ©.
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The described problem arises, for example, in the context of estimation in state space models. In
such a context, the variables X and © are random vectors, and the function f(z,0,y) is given by

f(x,@,y) éfA(9>fB(x787y>7 (2)
= fay(00) fa,(01,605) ... fa, (001, 00) F5o(w0) f (w0, 21, Y1, 61)
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where X}, denotes the (unknown) state at time k, Y are the observed random variables, © are the
(unknown) parameters of the state space model, f4(0) is the prior on ©, and fg,(z) is the prior on
the initial state Xy. A factor graph of (2) and (3) is shown in Fig. 1(a) and Fig. 1(b) respectively
(see [14] for a tutorial on factor graphs); the boxes f4 and fp in Fig. 1(a) are detailed in Fig. 1(b)
(dashed boxes). We consider the situation where we wish to estimate the state X and we are not
interested in the parameters ©. In model (3), the integration over © (1) is often infeasible.
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Figure 1: Factor graphs.

We will now assume that a factor graph for f(x,0,y) is available. It may be possible to compute
f(z,y) (1) by sum-product message passing [14]. Unfortunately, this naive approach is often imprac-
tical: the variable © is supposed to be continuous, and the sum-product rule may lead to intractable
integrals. In such situations, variational methods become an attractive alternative, since they often
lead to simple message computation rules (especially if the model f(z, 6, y) belongs to the conjugate-
exponential family) [33] [8] [13]. The naive and structured variational method have been formulated
as message-passing algorithms by Bishop et al. [13], Xing et al. [42] and Geiger [41] in the notation
of directed and undirected graphical models; variational message-passing algorithms have also been
derived by means of factor graphs for certain specific cases [12, pp. 256-258] [15]. In this paper,
we describe the generic (naive and structured) variational method as message-passing algorithms on
factor graphs; the factor graph notation allows a simpler formulation of variational message pass-
ing. Moreover, once the variational method is cast as message passing on factor graphs, we can mix
the variational method with other message-passing algorithms. For instance, structured variational
algorithms compute besides variational messages also sum-product messages. The latter may for
example be represented as Gaussian distributions or particle lists. This amounts to algorithms such
as variational Kalman filters and smoothers [45] [8] and variational particle filters and smoothers.
If the variational messages are intractable, they may be represented as particle lists, amounting to
particle-based algorithms such as variational Markov Chain Monte Carlo methods [35][36].



Alternatively, if the integral in (1) is intractable, one often makes the (sometimes unsatisfactory)
approximation

fla,y) = fla,y) = f(z,0,y), (4)
where 0 is a point estimate of ©, typically the mode
6™ = argmax f(6,y), (5)
0
where
16.9) 2 [ f(a.0.9)d. (6)

It may be possible to compute f(#,y) (6) by sum-product message passing and gmax (5) by

max-product message passing [14]. Also this approach, however, is often impractical:

1. If the variable X is continuous, the sum-product rule may lead to intractable integrals, whereas
if X is discrete, the sum-product rule may lead to an unwieldy sum; in both cases, we cannot
compute (6).

2. The max-product rule may lead to an intractable expression; in this case, we cannot com-
pute (5).

If X is discrete, the first problem may be solved by iterative sum-product message passing on

a cyclic graph of f(z,0,y), resulting in an approximate marginal (“belief”) b(6,y). However, this
approach usually does not solve the problem of intractable integrals. Also here, variational techniques
may be helpful. The mode (5) is then approximated by

o = argmax q(0,y), (7)

where ¢(0,y) is an approximate marginal obtained by a variational method.

We now address the second problem in the above list. If the maximization (5) is intractable,
one may resort to standard optimization techniques such as iterative conditional modes (ICM, a.k.a.
“cyclic maximization” or “coordinate ascent/descent”) [16] or gradient methods [17]. In earlier work,
we have described those two methods for solving (5) (6) as message-passing algorithms operating on
a factor graph of f(z,0) [18] [19]. Similarly, if the maximization (7) is intractable, one needs to resort
to numerical optimization techniques such as ICM or gradient methods; this leads to message-passing
algorithms that mix variational methods with ICM and/or gradient methods.

An alternative procedure to compute §™* (5) (exactly or approximately) is expectation maxi-
mization (EM) [20]. A message-passing view of EM is developed in [21][22][23]; the message-passing
EM algorithm computes sum-product messages (besides other messages). If those sum-product mes-
sages are intractable, they may be replaced by variational messages, amounting to a message-passing
formulation of “variational EM” [5].

The maximization step of EM is sometimes intractable, and again, one may then apply ICM
or some gradient method; such modifications are referred to as “generalized EM algorithms” [24].
In [18, Section 4.9.5] [19][23] we described various generalized EM algorithms as message-passing
algorithms operating on factor graphs. Sum-product messages may also in this context be replaced
by variational messages.

This paper is structured as follows. In the following section, we review the naive variational
method (closely following [4]-[13]). In Section 3, we describe the naive variational method as a
message-passing algorithm and formulate the generic naive variational message computation rule.
In Section 4, we investigate the combination of naive variational methods with (generalized) EM,
gradient methods, and ICM; in Section 5, we consider structured variational message passing. Some
concluding remarks are offered in Section 6.



2 Review of the Naive Variational Method

Assume that we are given a generic multivariate function f(z1,..., z,) (not necessarily normalized),
and suppose that we wish to compute its marginals
f(zx) 2 /f(zl, coyZm)dzidzy o odzgqdzgyy . dzy (K=1,.0.0,m), (8)
where fz denotes either summation or integration over the whole range of z. The idea behind
variational methods is to find a sufficiently “simple” function ¢(zy, ..., z,) (belonging to a family Q
of trial functions) that is as “close” as possible to f(z1,..., z,), i.e.,
« A .
¢ = argmin D (f,q) (9)
qeQ

where D(f,q) is a measure for the distance between f and ¢. The marginals f(z;) (8) are then
approximated by the marginals of ¢*. The family Q can be chosen in many ways, the only constraint
is that the marginals of the functions ¢ € Q should be tractable.

Several distance measures D (f,q) may be used. If f is normalized, a popular measure is the
Kullback-Leibler divergence D (q||f) defined as

q(z)
qué/qxlog dz. 10
(gl f) x() @) (10)
Obviously, there are many alternatives to the Kullback-Leibler divergence, such as Amari’s a-
divergence [25] or Csiszar’s f-divergence [26]; such extensions have been explored in [27] [28] [29] [30].
In this paper, however, we only consider the Kullback-Leibler divergence D (¢|| f).

A widely used family Q is the set of fully factorized functions

a(z1, - zm) = [ (=), (11)

which amounts to the so-called “naive mean-field” approximations in statistical and quantum physics.
Note that the marginals of ¢(z1, ..., z,) are simply the factors ¢(z;). With this choice of D and Q,
the variational method tries to find

= argmin D (q||f), (12)

qeQ

q*

and the marginals f(z;) (8) are approximated by ¢*(zx). Note that the objective function D (¢|| f) (12)
is in general non-convex in the factors ¢(z;). By variational calculus, one can easily verify that ¢*(z)
fulfills the equality
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where the constant ~; ensures that [ ¢*(z)dz;, = 1. The equality (13) suggests to determine (12) by
iterating the update rule

1
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where ¢\9(z,) (k = 1,...,m) are the trial marginals at the (-th iteration. This is precisely what
is done by the naive variational method. It can be shown that at each iteration, the Kullback-
Leibler divergence D (¢l f) decreases, unless the algorithm has reached a fixed point; the method is
guaranteed to convergence to a local minimum of D (¢l f) (see [4]-[13]).

As was shown by Yedidia et al. [31] (see also [32]), also the sum-product algorithm can be
interpreted from the viewpoint of Kullback-Leibler divergence minimization (cf. (12)). However,
there is an important difference: in the sum-product algorithm, the factorization of the trial function
g is more complex, and the Kullback-Leibler divergence D (¢|f) is intractable. The sum-product
algorithm tries to minimize an approximation of D (¢l f); it it does not decrease that approximation
at each iteration, however, and consequently, the sum-product algorithm is in general not guaranteed
to converge.
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Figure 2: Variational message passing.

3 Naive Variational Message Passing

Now we turn our attention back to the naive variational method. If the function f factorizes, the
update (14) can be carried out by local computations. In particular, those computations can be
cast as message passing on a factor graph that represents the factorization of f. A message-passing
formulation of the naive variational method was proposed by Bishop and Winn [12] [13] in the setting
of directed and undirected graphical models. Winn also formulated the naive variational message
computation rule in the notation of factor graphs for the particular case of conjugate-exponential
models [12, pp. 256-258|; Nissild et al. considered the particular case of factorial hidden Markov
models with conditionally Gaussian distributed observations [15]. We will now formulate the generic
variational message computation rule in the notation of factor graphs. As we will outline in Section 4,
this will a.o. allow us to combine and mix that rule with with other message computation rules on
one and the same factor graph, e.g., the sum-product rule [14], gradient sum-product rule [19], E-log
rule [22] [23], and gradient E-log rule [19]. In this fashion, one can straightforwardly combine and
mix variational methods with other inference methods.



As is easily verified from (14), the variational method may be formulated as the following message-
passing algorithm:

1. Initialize all messages g and v, e.g., q(+) o< 1 and v(-) o 1.

2. Select an edge z in the factor graph of f(z1,...,2,) (see Fig. 2(a)).

3. Compute the two messages v (z,) and v (z;) by applying the generic rule (see Fig. 2(b))

—

v (y) o< exp / q(x1)q(xs) ... q(xy)logg(xy, ..., 2y, y)dxy ... dx, (15)

oceXqu[logg(Xl,...,Xn,y)]. (16)

4. Compute the marginal g(zx) (see Fig. 2(a))

q(zx) ;(zk) ;(zk), (17)

and send it to the two nodes connected to the edge Xj.

5. Iterate 2-4 until convergence.
Some remarks:

Interestingly, the rule (15) is often simpler than the sum-product rule [14], especially if the
model f(x,0,y) belongs to the conjugate-exponential family [33] [8] [13].

Along each edge z, four messages are propagated (cf. Fig. 2(a)): two messages arriving from
the two incident nodes, i.e., v(z) and v(z), and two messages propagating towards those
nodes, both equal to ¢(z;). The message arriving at the edge z, from the right (i.e., v (z))
is not directly sent to the left neighboring node (and vice versa). Instead the two incoming
messages v (z,) and v(z) are further processed, resulting in g(z;); the latter is then sent to
both incident nodes. In the sum-product algorithm, only two messages propagate along each
edge; the message arriving at the edge z; from the right is directly sent to the left incident
node (and vice versa), i.e., without further processing.

The approximate marginals ¢(z;) propagate in the graph as messages (cf. Fig. 2(a) and 2(b)).
In the sum-product algorithm, the approximate marginals are computed from sum-product
messages; they are not propagated as messages in the graph.

The rule (15) can not be applied to deterministic node functions g, i.e., node functions g that
are Dirac or Kronecker deltas. At an equality constraint node (see Fig. 2(c)), the following
rule applies:

v(z) o< vi(z)va(z). .. v(x). (18)
Other deterministic nodes can often (but not always!) be handled by combining them with
neighboring non-deterministic nodes; the same procedure is applied in message-passing EM [18,
p. 145] [23].

One may evaluate the generic update rule (15) for often occurring mode functions g; this
has been done by Beal [33] and by Bishop and Winn [12] [13] in the setting of directed and
undirected graphical models and conjugate-exponential families.

On the other hand, if the messages /(z;) and v (z;) are intractable, the marginal ¢(z;) may be
represented as a particle list. The latter may be iteratively updated by Markov Chain Monte
Carlo methods (MCMC) [34] with target function (17), leading to variational MCMC [35][36].

Let us now look back at the model f(x,6,y) of Section 1. If (1) can not be computed by applying the
sum-product algorithm on a factor graph of f(z,0,y) (cf., e.g., Fig. 1(b)), we may apply variational
message passing on the graph of f(x,0,y) with trial function (cf. (11))

a(z,0) = [ alz) [ [ a(80)- (19)
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In the case of model (3), the naive variational method amounts to computing variational messages
v(0) and v(xy), and marginals ¢(6y) and gx(xy) in the subgraphs fa(f) and fg(x,0) respectively.
The marginal (1) is then approximated by q(z) = q(z1) ... q(zn).

4 Naive Variational Message Passing for Estimation

The naive variational method is also relevant for computing the mode (5). If the marginal f(6,y) (6)
cannot be computed (exactly or approximately) by the sum-product algorithm, one may compute ap-
proximative marginals ¢(6)) by naive variational message-passing. If the mode of ¢(6y) is not available
in closed form, one may resort to standard optimization techniques such as ICM [16] (“variational
ICM”) and gradient methods [17] (“variational gradient algorithms”).

Alternatively, one may determine the mode (5) by EM [20]. If the E-step is intractable, one may
approximate the E-step by naive variational methods (“variational EM”) [5]; the intractable mar-
ginals required in the E-step are then replaced by approximate marginals ¢. If in addition the M-step
is intractable, one may apply ICM or a gradient method. This also leads to variational ICM and
variational gradient methods; the latter can thus be derived in two different ways: (i) by applying
ICM or a gradient method to determine the mode of the variational marginals ¢(6y); (ii) by approxi-
mating the M-step in variational EM by ICM or a gradient method. Recently, those three procedures
for determining (5), i.e., ICM [18], gradient methods [19], and (generalized) EM [21][22][23], were
described as message passing algorithms operating on a factor graph of f(x,0,y). By slightly mod-
ifying those message-passing algorithms, one obtains a message-passing formulation of variational
ICM, variational gradient methods, and variational EM: one simply needs to adapt certain messages,
as we briefly outline in the following.

Solving (5) by ICM involves sum-product messages; in variational ICM, those messages are re-
placed by variational messages (15). The E-step in (standard) EM involves the computation of E-log
messages [21][22][23] (see Fig. 2(d))

h(6y) = /p(:vl, To, ... ,xn|é) logg(xy, ..., 2, 0k)dxy ... dx, (20)

In the E-step of naive variational EM, those messages are replaced by log-variational messages (cf.

(15))

logv(0y) = /q(:cﬂé)q(@\é) . q(mn\é) logg(x1, ..., 20, 0k)dzy . .. dx, (22)
— B, [log g(X1, ..., X,.,0,)16]. (23)
Gradient EM involves gradients of E-log messages [19] (see Fig. 2(d))
Vo h(64) = /p(xl,xg, e 20)0) 10g Vo g1, s 2y O)d . d (24)
=E,[Vo, log g(X1.. ... X, 0,)|0]. (25)

In naive variational gradient methods, those messages are replaced by gradients of log-variational
messages

Vo, logv(0) = /q(a:ﬂé)q(@\é) .. .q(:cn\é)vgk log g(x1,. .., 20, Ok)dzy . .. dxy, (26)
=E,[Vg, logg(X1,..., X, 0h)]. (27)



Gradient ascent methods for solving (5) involve gradients of logarithmic sum-product messages [19]
(see Fig. 2(d))

_ f,u(xﬂé),u(:cﬂé)...,u(xn|é)vgkg(x1,...,xn,ﬁk)dxl...dxn
f,u(:vl|9),u(x2|9) .. .u(xn|9)g(z1, ey T, O )dy L dy,

where ,u(:)sk|é) (k=1,...,n) are sum-product messages. Note that the message (28) is identical to
the message (25). In the context of problem (5), gradient EM is almost identical to gradient ascent:
the only difference lies in the update schedule. The same obviously holds for variational gradient
ascent and variational gradient EM.

Some remarks:

e The fixed points of variational ICM /gradient methods/EM are stationary points of a solution
¢*(0) =TI, ¢* (8x) of (12), i.e., they are not the stationary points of the true marginal f(6,y).

e Variational EM is guaranteed to convergence under some weak regularity conditions. Varia-
tional gradient methods are guaranteed to convergence if in addition the step size is chosen
appropriately (e.g., Armijo rule [17]). Variational ICM converges globally if the messages v/(6;)
are unimodal; this follows from the theory of [37].

e [t is well known that EM, variational EM and the variational method in general often suffer
from slow convergence [38]. Gradient methods as for instance variational gradient methods or
(conjugate-)gradient EM [39] usually converge faster.

e The generic message computation rules (26) and (22) for variational gradient methods and
variational EM respectively could be computed and tabulated for “standard” node functions g.

5 Structured Variational Message Passing

So far, we have considered fully factorized trial functions (cf. (11)). In this section, we consider
more structured factorizations, leading to “structured” variational algorithms [4][40]-[42]. Structured
variational methods have been formulated as message-passing algorithms by Bishop et al. [13], Xing
et al. [42] and Geiger [41] in the notation of directed and undirected graphical models. Here we use
the notation of factor graphs, which will lead to simpler generic message computation rules; it will
also allow us to compare structured variational message passing to the message-passing formulation
of EM [21] [22] [23].

5.1 A First Example

Suppose that we wish to improve the naive variational method for computing (1) for the system
depicted in Fig. 1(b). To this end, let us now use the trial function

q(,6) = q(x)q(6), (29)

where ¢(z) and ¢(f) are not further factorized, in contrast to (19). The upper and lower dotted box
in Fig. 3 correspond to the factors ¢(f) and g(z) respectively of the trial function (29); the upper
and lower box contains the edges © and X respectively. Based on the trial (29), one may derive a
“structured” variational method [4][40]-[42] following the procedure of Section 2: through variational
calculus one obtains an equality similar to (13) and an update rule similar to (14). Iterating that
update rule amounts to a “structured” variational method [4][40]-[42]; it can be formulated as a
message-passing algorithm that iterates the following two steps:



fan 1 fas | fa. |
b H H
QU I S X, X, X ox,
m T dm T T s = Tis

Figure 3: Partitioning corresponding to the trial (29).

Update q(x)
Perform the forward recursion

1t () O</,17(%—1)6?(13 [/Q(Hk) longk(ZEk—l,%,yk,Qk)d@f} dxp_1,

and the corresponding backward recursion with messages ,E(mk)
Update:

g1, k) o< pi (k1) exp [/Q(9k) log ka(xk—lwk,yk,@k)d@k} ().

Update q(0)
Compute the upward messages

VT(Hk) 08 eXP/CI(xk—hxk) log ka (Ik—1,$k7yk79k)d$k—1dxk-
Perform the forward recursion

i (0:) o / JO) fa, O, 00)d0 and (0 o< 41 (0)01(0)),

and the corresponding backward recursion with messages fz(6),) and ﬁ/(ﬁk).
Compute the downward messages

A —!

ul(0) & 1 (04)1(0k) = 12 (6) 1 (O)-

Update:
q(Or) o< V1 (k) L)

Some remarks:

(31)

(33)

e Since the above message-passing scheme is a (structured) variational algorithm, it is guaranteed

to converge to a local minimum of the divergence (12) with trial function (29) [4][40]-[42].
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The marginals ¢(x;) are computed as q(zy,) = () 1t ().

The updates (33) and (34) are instances of the sum-product rule [14]. This is also the case
for the updates (30) and (31) if one considers the exponential factors in (30) and (31) as new
node functions. Those observations were first made by MacKay [44] in the context of Hidden
Markov Models, and later by Ghahramani and Beal [10] and Xin et al. [42] in the setting of
directed and undirected graphical models.

The messages (), j(xy) and/or 12(6;), 1(fx) may be represented (exactly or approxi-
mately) as Gaussian distributions; Step 1 and/or Step 4 then involves Kalman smoothing,
resulting in “variational Kalman smoothing” [45] [8]. Alternatively, those messages may be
represented as particle lists; Step 1 and/or Step 4 then involves particle smoothing [46]-[50]
(“variational particle smoother”).

Readers familiar with the problem of parameter estimation in state space models probably
have noticed that the above structured variational message-passing algorithm resembles an
EM algorithm. Indeed, approximating ¢(f) in (30)—(35) by a Dirac delta results in an EM
algorithm for estimating ©:

E-step
In the subgraph fg(z,0), perform the sum-product forward sweep (cf. (30))

~

ﬁ(:ck)oc/ @) f (20, 2, 60 ) dp ., (36)

and the corresponding backward sweep with messages ,E(a:k) Compute the upward messages
(cf. (32))

~

exp(h(fy)) x exp/p(xk_l,xk;ﬁ(g))

. log ka (ZL’k_l, T, Hk)dxk_ld:):k, (37)
where (cf. (31)) A A
(1, 20509) o 1 (1) i, (@, 20, O ) 1 (0. (38)
M-step (cf. (33)—(35))
¢+ — argmax [ Fa(8) exp(h(6))) . .. exp(h(@n))] . (39)
%

We formulated this EM algorithm as a message-passing algorithm operating on the factor
graph of Fig. 1(b). Note that the message h(6y) (37) is a particular instance of the generic
E-log message (20) [21] [22] [23]. The message exp(h(0x)) (37) is closely related to v1(6x) (32):
the marginal p(zj_y, x; 0©) in (37) is replaced by a variational marginal q(zx_1,2;) in (32).
Since we started from a non-factorized trial function ¢(z) (cf. (29)), we obtained the standard
EM algorithm; a factorized trial ¢(r) leads to a structured variational EM algorithm (see
Section 5.3). Note also that the EM algorithm yields a point estimate 6 of ©, whereas the
structured variational algorithm computes an approximate posterior density in ©.

10



5.2 A Second Example

In order to gain more insight in structured variational message-passing algorithms, we now consider
the more general system

f(x7‘97Z7y) éfA(H,Z)fB(LL’,Q,y), (40)
= fao(z0) fa, (20, 21,01) - fa, (Za1, Zn, 0n) f50(20) [, (w0, 71, 41, 01)
o (1, 02,2, 02) - B, (T, T Yn, On). (41)

The model f(x,0,y) (3) can be considered as a specific instance of (41). We wish to derive structured
variational message-passing algorithms for statistical inference in model (41). There are several
natural candidates for structured trial functions. Let us first investigate the trial function (see Fig. 4)

q(w,2,6) = q(x)q(=,6). (42)

The latter amounts to a structured variational message-passing algorithm that is similar to the al-
gorithm (30)—(34). The update of ¢(z) is identical (cf. (30)(31)), since the factor fg(z,#) remained
unchanged; the update of ¢(z, 6) is similar to the update of ¢(#) (cf. (32)-(35)). The forward recur-
sion (33) is replaced by

1 (z1) OC/E(Zk—l)fAk(Zk—laZkaek) V1(0k)dOrdzy,_1, (43)

and similarly the backward recursion with messages 1 (z). The downward message | (6;) (cf. (34))
is now computed as

l(00) o [ Fa(oicn, 2,00 (o) () s (44)

An alternative to (42) is the trial function

Z Z Zs Zos Z,
faq - | fa, - ‘ fa, - | fan
t 6, $ (2 t O, 3@72
B, = [B, = [B - I8,
T h T Y2 $ Yn X

Figure 4: Partitioning corresponding to the trial (42).

q(z,2,0) = q(x,0)q(2). (45)

The corresponding structured variational message-passing algorithm (see Fig. 5) is obtained from
the previous one by swapping the functions f4 and fp and the variables X} and Zj, (cf. Fig. 4 and 5).
For instance, the (approximate) marginal ¢(6;) (cf. (35)) is now computed as

q(Or) o< pul(Or)v1(0k), (46)
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where

and

Zy 7 Z

,,,,, fA0: Ja, - fas

- o ||e

X0 X1 t Xo

IBo = I i fon
n T Y2

Zo

Zoy Zn
- fan Z
o e
X1 T X,
= Tin
oo, 3@,X

Faq = fa fa
- o e
,,,,,,,,,,,,,,, R |
| Xo X Xo
T
| Y1 B $

= T fa
e,
I |
Xo [ X,
= T fu

Figure 6: Partitioning corresponding to the trial (49).

Vl(ek) 0.8 eXp/Q(Zk—bZk) log fAk(Zk—laZkayka‘gk)dzk—ldzka

w1 (0k) O</ka(xk—l,xk,919),17(%—1),17(%)61%—1059%-

(47)

(48)

The trial functions (42) and (45) are asymmetric, and the same holds for the resulting structured

variational message-passing algorithms: they treat the variables X and Z in a different manner. The
trial function (see Fig. 6)

i) o

—

fi(zk-1) exp

q(x,2,0) = q(x)q(0)q(2)
leads to a structured variational message-passing algorithm that is symmetric in the variables X and
Z; it iterates the following three steps:
Update q(x)
Perform the forward recursion

and the corresponding backward recursion with messages /1 (zy,).

12

[/Q(9k) log fB, (Tr—1, Tk, Y, Op ) O | dg—1,

(49)

(50)



Update:

—

q(@p—1, ) < p(x_1)€Xp [/Q(‘gk) 10g [, (Th_1, Th, Ui, Ok )dOk | 1 (). (51)

Update q(z)
Perform the forward recursion

() o / (i) esp | / 0(00) 108 (241, 25, 00)d6y ] dzis (52)

and the corresponding backward recursion with messages ,U(Hk)
Update:

q(zr_1, 2k) x ﬁ(zk_l) exp [/q(@k) log fAk(zk_l,zk,Qk)de] ﬁ(zk) (53)

Update q(0)
Compute the upward messages

VT(0r) o< GXP/Q(%—bek) log [, (Tk—1, Tk, Yk, O )dg—1dy. (54)
Compute the downward messages
v](0) o eXp/Q(Zk—l, 2e) 10g fa(Zk—1, 2k, On)dzp—1d 2. (55)
Update:
q(0r) o< v1(0k)v 1 (Ok)- (56)

5.3 Generic formulation

From the previous examples, it is straightforward to formulate a general recipe to derive structured
variational algorithms from factor graphs. Let f be a multivariate function, and assume that a factor
graph G of f is available. As a first step, we partition the set £ of edges of G in non-overlapping subsets
& such that each edge belongs to one subset &. For example, the trial function (42) corresponds
to the partitions & = (Z,0) and & = X. Note that the edges connected to an equality constraint
node correspond to the same variable (e.g., X in Fig. 2(c)), and they are supposed to belong to the
same &. We associate a subgraph G, C G to each subset & consisting of (i) all nodes of G connected
to edges of &; (ii) all edges of G connected to those nodes. Note that G, may contain edges that do
not belong to &. As an illustration, Fig. 7 depicts the subgraphs G; and G, associated to the subsets
& = X and & = (Z,0) respectively, corresponding to the trial function (42). Edges of G, that do
not belong to & are referred to as “external edges”; the other edges of G, are called “internal edges”.
In subgraph G; (see Fig. 8(a)), the edges Z and © are internal, and the edges X are external. In
subgraph G, (see Fig. 8(b)), the edges X are internal, and the edges © are external. In the following,
we will assume that the subgraphs G, C G, obtained from G, by removing the external edges, are
cycle-free. Fig. 8 shows the subgraphs G; and G} obtained from G; and G, respectively (cf. Fig. 7);
they are both cycle-free. A generic node g of G, is depicted in Fig. 9. The edges Xi,...,X,, are
internal edges, the edges Vi, ..., V, are external. The edges V5, ...,V, are assumed to belong to the
same subset &, and V; is assumed not to belong to &,.
The generic structured variational message-passing algorithm iterates the following steps:

13



Zo Z1 Lo D1 Z,
Fao - | fa | fas - Jan
T CH T O, O,
Xo X, X5 X1 X,
e . T e
H v bl H o
(a) Subgraph G1.
# o # o # o
Xo X3 X5 X1 X,
T T im f5, = Tt
H oo H v H o

(b) Subgraph G,.

Figure 7: Subgraphs G, of the factor graph G depicted in Fig. 4.

1. Select a subgraph G,.
2. Update the messages along internal edges of G, according to the rule (see Fig. 9)

—

ﬁ(xn) oc/ ﬁ(l’l) oo (Tp1) exp [/q(vl)q(vg, v logg(zy, . xn, v, ,vr)dv} dvy...dv,_q,
(57)
3. At nodes g connected to external edges, compute

Q(xh s 7xn) X ﬁ(xl) tt ﬁ(xn—l)/j(xn> exp [/Q(UI)Q<U27 R UT) logg<x17 ceey T, Uty e 7U7‘)dv]
(58)
= }7(1’1) ﬁ(xn—l)ﬁ(xn)ﬂl(xlvvxn) (59)
4. Tterate 1-3.
Some remarks:
e In order to keep the notation simple, we considered a particular factorization of g(vy, ..., v,)

in (57) and (58). Obviously, both rules can easily be formulated for any factorization of the
marginal g(vq,...,v,).

e If all subgraphs G, are cycle-free, the above algorithm is a structured variational algorithm,
and it is then guaranteed to convergence. The messages (57) are then updated according to the
standard schedule for cycle-free graphs [51]. If one or more subgraph(s) G, is cyclic, the above

14



2 Z Zs Zn—1 I

Jao fa fa,
L Ch L CH L O,

/B, IB, IB.

(a) Subgraph ;.

Xo Xy Xy Xn-1 X,
fo fo, T [, _' /B,

Ty1 T Y2 Tyn

(b) Subgraph Gj.

Figure 8: Subgraphs G, of the factor graph G depicted in Fig. 4.

Vi) Vap - Ve
Wb
X1
—= X,
L9
Xn—l gé

Figure 9: Structured variational message passing.

message-passing algorithm is no longer a variational algorithm, and there is no guarantee for
convergence. One may first convert the cyclic subgraphs G, into cycle-free ones by clustering
or stretching [51], and then apply the structured variational message-passing algorithm.

One may also consider overlapping subsets & [40] [12], which leads to non-trivial modifications
of the above message-passing scheme.

If the node g (cf. Fig. 9) is only connected to internal edges of Gy, the rule (57) boils down
to the generic sum-product rule [14]. On the other hand, if the node g is connected to one
internal edge X (i.e., n = 1 and X - X1) and one or more external edge(s) Vi,...,V,, the
rule (57) becomes

—

p(x) o< exp [/q(vl)q(v2, v logg(x, vy, ... ,vr)dv]. (60)

The update rule (60) is similar to the naive variational message computation rule (15). The dif-
ference lies in the factorization of the marginal g(vq, ..., v,): in the naive variational rule (15),
q(vq,...,v,) is fully factorized, whereas in the structured variational rule (60), it can be arbi-
trarily factorized.

In the naive variational approach, all subsets &, consist of single edges. The structured vari-
ational message-passing algorithm reduces to the naive variational message-passing algorithm
of Section 3.
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e It is easily verified that the structured variational algorithms we derived for the models (2)
and (40) are particular instances of the above generic message-passing scheme.

e Structured variational message passing can also be used to determine the mode (5), similarly
as naive variational message passing. Obviously, one may also combine structured variational
message passing with other message-passing algorithms such as EM, ICM, gradient methods
etc. The generic message computation rules of such combinations are similar to the ones we
presented in Section 4. The fully factorized marginals ¢(z]|0) = q(z1]0) ... q(x,]0) (cf., e.g.,
(26)(22)) are replaced by more structured factorizations.

6 Conclusion

We elaborated on variational message passing and have outlined various extensions in the context of
factor graphs. We have underlined the tight connection between variational message passing and the
message-passing formulation of EM. There are several topics for further investigation. For instance,
it would be interesting to clarify the connection between variational message passing and expectation
propagation in the setting of factor graphs.
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